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INTRODUCTION 
Groundwater pollution has become a serious problem due to 
the excessive use of chemicals such as fertilizers and pesti­
cides. Pollution sources can include sewage, landfill, waste 
disposal, leached salts and many others. Since groundwater 
constitutes, in many areas, a major source of drinking and 
irrigation water, it is of vital importance to maintain a 
suitable water quality by preventing or reducing the amounts 
of contaminants that travel to groundwater wells. Knowledge 
of travel time of pollutants to wells, as influenced by well 
design factors, can help in well water protection. 
To illustrate the seriousness of the well polluting prob­
lem, a case can be mentioned that took place in Grandville, 
Michigan in I96I, where high amounts of chromium were detected 
in the city water supply. Studies showed that the chromium 
had originated from a newly dug well. This well had been 
drilled in a glacial drift deposit along the Grand River. 
Because the well was located in a flood plain, its casing was 
extended several feet into the air, and the land surface around 
it was raised by a fill of sand and gravel from a nearby area. 
It was found later that the fill had been taken from a former 
dumping ground for electroplating wastes. The chromium had 
traveled with the water to the well screen (Deutsch, I961). 
In the present study it is attempted to solve analytically, 
by the use of potential flow theory, some cases of water flow 
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and solute travel times to wells. It is attempted to determine 
the time it takes a certain solute to travel from a point at 
the surface of recharge to a water table well, for different 
casing depths, screen depths, radii of influence, radii of 
well, and in particular "leak" depths. By a leak is here 
meant a highly permeable region around the upper part of the 
casing. The "leak" is not in contact with the well screen. 
The idea is to include travel times from all the possible re­
charge surfaces around a well. Quantities of flow from the 
different recharge surfaces of the flow region will also be 
determined. 
Effects of dispersion, diffusion, chemical absorption and 
chemical reactions are beyond the scope of this study. Piston 
flow is assumed. In developing the piston type flow equations, 
potential theory is used with the boundary conditions being 
satisfied with the aid of a modified Gram-Schmidt method de­
veloped by Powers, Kirkham, and Snowden (Powers et al., 196?). 
The work includes the use of a model to check results 
and to test the validity of the analytical technique. 
The results should be useful in planning and designing 
well geometries to help reduce the effects of pollution on 
wells. 
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REVIEW OF LITERATURE 
Literature from the United States and from all over the 
world provides much information as to the concentrations of 
different pollutants in ground water and wells, as to 
pollutant origins and sometimes to chemical changes that take 
place as pollutants percolate in the soil (Bemhart, 1973; 
Daniels et al., 1975; Dennis, 1973; Deutsch, 1961; Green, 
1974; Hendricks, 1972; Loehr, 1970; Lorimor et al., 1972; 
Matis, 1971; Marino, 197^ ; Ogata, 197^ ; Tuthill, 1972; Walker, 
1973; Weaver, 1961; and many otherp). One can always list 
hundreds of cases of groundwater pollution. But unfortunately, 
and after one reviews much of the related literature (see the 
end of this section) for the last five years or more, one can 
only find very few situations where groundwater researchers 
have tried to study point to point travel times of pollutants. 
In the early thirties Muskat (1946) was the first to 
approach this problem. In his work he was interested in the 
oil-water interface in petroleum production. He developed 
some mathematical functions for the movement of a front of 
particles rather than one particle. He developed an approxi­
mation for the shape of the oil-water interface and the nature 
of its advance. Some of his equations are still used today. 
Miyamoto and Warrick (1974) analyzed mathematically a dis­
placement front of salt water in soil under steady state, 
piston type, flow conditions. Kashef and Smith (1975) 
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were interested in the problem of sea water intrusion. Again 
they approached the problem from a point of view of a front 
motion. Klotz et al. (1972) used models and radioactive 
tracers to study the filtration velocity of a front and the 
direction of flow in an unpumped aquifer. The models were 
also intended for studying point to point travel rates of 
groundwater and dispersion properties of tracers. Jury 
(1975a)» referring to Kirkham's work of 19^ 9 and 1958 as a 
basis, developed travel times formulas for salt moving to 
tile drains, for cases of ponded and unsaturated surface 
water imput. Jury (1975b) tested his theoretical results by 
the use of a model. He found a good agreement of experiment 
with theory, van der Ploeg, Kirkham and Sendlein (1973) 
studied the groundwater flow patterns of the Ames aquifer. 
One of the objectives of their study was to determine whether 
well pollution by a phenol source, seeping into the aquifer 
from a waste pit of an old gas plant, could be prevented or 
decreased. Their study didn't include point to point travel 
times, instead they based their conclusions on well discharge 
and drawdown. Kirkham and van der Ploeg (197^ ) obtained, 
analytically, flow patterns, under steady-state conditions, in a 
horizontal confined aquifer of any shape pumped by a well. 
They concluded that a pollution source is more dangerous at 
locations in the pumped aquifer where flow velocities are 
the highest. Kirkham and Affleck (1977) studied point to point 
travel times of solutes to wells. They used the potential 
5 
theory where they determined the potential and stream func­
tions. Then they integrated travel time increments along the 
streamlines to determine solute travel times. Their work 
dealt with confined aquifers. Cushman (1976) solved analyti­
cally, by potential theory, travel times of solutes along 
streamlines for four cases; two from Jacob (1946) and two from 
Khan and Kirkham (1971). Jacob's two cases were for leaky 
artesian aquifers, one of finite extent and one of infinite 
extent. Khan and Kirkham's two cases were for a tube well, 
fully screened throughout an aquifer, resting on an impervious 
barrier. One situation is for a constant head at the outer 
boundary of the flow region and the other is for no flow 
across the outer boundary. For both situations there is con­
stant recharge from the soil surface. 
Use of well casings that partly penetrate the water 
bearing stratum is a common practice to protect goundwater 
wells from pollution (Ongerth, 1942; Johnson, 1966; and Todd, 
1959). Leaks around casings, due to no grouting and other 
improper installations, or due to loose and permeable upper 
strata, can have serious effects on the water quality pumped 
from groundwater wells (Ongerth, 1942; Deutsch, I96I). These 
leaks act as regions of high water recharge, and in the 
presence of a pollution source they would contribute high 
amounts of poor quality water to the well (Kirkham and 
van der Ploeg, 1974). Jones (1974) studied the effects of 
well casing and open bore grouting on some problems of pesti­
6 
cide contamination. His study dealt mainly with initial and 
final concentrations in a well. He didn't study point to point 
travel times. 
The journals that were reviewed for this study for the 
last five years or more includei Water Resources Research, 
Water Resources Research Catalog, Water Resources Research 
Bulletin, American Geophysical Union, Soil Science Society of 
America Proceedings, Goundwater, Journal of Hydrology, 
Journal of American Water Works Association, and Water and 
Water Engineering. 
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THE PROBLET.! 
In this work an exact theoretical solution is used to 
determine the time of travel of solutes and the quantities 
of flow from one point to another within a region of influence 
of a steadily pumped water table well (Fig. 1). The well is 
cased along its upper boundary and screened along the lower 
part. Around the upper part of the casing is a leak; by "leak" 
is not meant here that water leaks through the well casing but 
that there exists a highly permeable region around the im­
permeable well casing as might be caused by improper grouting 
or other improper casing installation. The bottom portion of 
the well reaches an impermeable horizontal boundary layer. 
Thus the problem becomes one of semiconfined flow. 
Geometry 
The region OABCDEF in Figure 1 represents an axial bi­
section of a well of radius a and depth h fully penetrating 
a porous medium of hydraulic conductivity K and porosity f. 
The symbol w denotes the height of the screen, and g the height 
to the bottom of the leak so that h-g represents the depth of 
the leak below the top surface of the flow medium. The 
symbol b, "the radius of influence", gives the distance from 
the axis of the well to an assumed vertical equipotential CB. 
The reference level (datum) for the hydraulic potential is 
taken to be the steady state water level in the pumped well; 
PIEZOMETER^ 
vWWWWWWWWWWV 
: « ' «T* 
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h g 
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P(r,z) 
GRAVEL 
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f = Porosity 
TTTTTTTn 
BARRIER ^ a 
B 
77777777777777777777 
Figure 1. Schematic geometry for a partly cased,fully penetrating water-table well, 
with a highly permeable region (leak) around its upper boundary 
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H is the head difference between the water table and the water 
level in the well. 
A system of cylindrical coordinates (r,z) is established 
with origin 0 located at the point where the vertical axis of 
the well intercepts with the horizontal impermeable barrier AB. 
The coordinate r is measured radially outward from the well 
axis, and the coordinate z positively upward. Because of axial 
symmetry a longitudinal an^ e variable is not needed. ({> is the 
hydraulic potential at a point P (r,z) in the flow region. 
may be measured by a piezometer, as the one shown in the 
figure. 
Assumptions 
In this work the following assumptions are made in order 
to solve the problem analytically: 
A. The flow is steady state, that is, water is recharged 
to the well and pumped out of it at a constant rate. 
B. The flow medium is considered homogeneous with con­
stant hydraulic conductivity K and porosity f. 
C. Darcy's law is assumed valid throughout the flow 
medium; this law for rectilinear flow may be expressed 
as: Q = -K A ^  
where Q is the rate of flow through a medium of length 
L and cross sectional area A, due to a head difference 
Ah, and K is the hydraulic conductivity of the medium 
(Muskat, 1946). It is also assumed that the hydraulic 
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conductivities in the horizontal and vertical direc­
tions are equal, i.e., anisotropy is not considered 
(Maasland, 1957). 
D. The flow region is a right circular cylindrical an-
anulus of outer radius b and inner radius a. At 
radius b the hydraulic head is H. At radius a the 
hydraulic head is zero over the screen portion, and is 
equal to H along the leak. Along the remaining part 
of the casing the velocity in the horizontal direction 
is zero, i.e., d<p/àr = 0. 
E. The barrier AB at the bottom of the flow region is 
horizontal and impermeable. 
F. The top boundary DC has a constant hydraulic head 
equal to H. 
G. Capillary potential is zero along the top boundary DC. 
H. The water table above the top boundary is flat, i.e., 
there is a negligible cone of drawdown. To make this 
assumption valid, even when a high pumping rate is 
used, a shown layer of highly permeable gravel may be 
considered as existing at the top boundary DC of the 
flow region ABCDEFA. This gravel is also shown ex­
tending in a circular annulus about the axis of the 
well at the radius of influence b so as to maintain a 
constant head H as mentioned in assumption D. 
I. Piston flow is assumed for the water carrying the 
solute. No attempt is made in this work to consider 
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the diffusion and any absorption or decomposition 
properties of the solutes. 
J. The leak DE and the casing EF are considered to be of 
negligible thickness. Their respective lengths DE = 
(h - g) and EF = (g - w) are, of course, finite. 
K, Due to axial symmetry no variable is needed for the 
longitudinal angle. 
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MATHEMATICAL ANALYSIS 
Development of the Problem 
Due to assumptions mentioned above Laplace's equation 
is taken as the basic differential equation to be satisfied 
and is used in cylindrical coordinates as 
+ 0 (1) 
where *(r,z) is the potential or hydraulic head function at 
any point P(r,z) in the flow medium. 
It is necessary to determine a function that satisfies 
Laplace's equation and the boundary conditions of the flow 
medium. 
Boundary conditions 
The boundary conditions of the flow medium, which are in­
dicated by circled numbers in Figure 1, are: 
Along DEJ 
(|) = H at r = a ; g<z<h (B.C. 1) 
Along EF: 
ô({)/âr = 0 at r = a ; w^ s^ g (B.C. 2) 
Along FAJ 
(|) = 0 at r = a ; 0<z^ w (B.C. 3) 
Along AB: 
a*/az = 0 atz=0 ; as r ^  b (B.C. 4) 
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Along BC» 
(f) =  H  a t r = b ; 0 < z ^ h  ( B . C .  5) 
Along CD: 
c() =  H  a t z = h ; 0 ^ r ^ b  ( B . C .  6 )  
For boundary conditions B.C.*s 1, 5 and 6, 0 is equal to 
H because the porous medium is in contact with the water which 
is standing at a height H above the reference level. For 
boundary condition B.C. 3>  ^is equal to zero because the 
porous medium is in contact with water that is standing at the 
height of the reference level. For boundary condition B.C. 2 
there is no flow in the r direction due to the impermeable 
casing; thus a t^ ôr = 0. Similarly for boundary condition 
B.C. 4, 3<J>/dz = 0. 
Potential function 
A potential function is selected to satisfy Laplace's 
equation 1 and the fixed boundary conditions B.C.'s 4, 5 and 
6 (Kirkham and Powers, 1972). 
The function 4» is chosen as 
*  =  »  -  "  ^ \  " o ' V )  V  ( 2 )  
J- f J # ^ f • • 
or, equivalently, as 
= 1 - . % ( V (3) 
J- # ^  ^  f • • • 
In equations 2 and 3» 4) has the units of length, and H is the 
maximum head difference across any two points in the flow 
medium. Therefore, equation 2 has been divided by H to give 
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equation 3 in which (J)/H is both dimensionless and normalized; 
4)/H has values lying between zero and one. 
In equations 2 and 3, is defined by 
m^ ~ (4) 
where m is an odd integer (m = 1,3,5,'**) 
and is defined by 
n fa , 
I^ 's and Kg's are Bessel functions (Dwight, 194?, formulas 
815,1 and 915*1), and the are arbitrary constants. The 
form of given by equation 5 makes boundary condition B.C. 5 
satisfied for any values of because Rq(%^ ) = 0* The form 
of RQ also makes Ro(aj^ a) = 1. 
The values for m are chosen to give cos a^ z = 0 at the 
upper boundary, B.C. 6, where z = h. And to give sin a^ z = 0 
at the lower boundary, B.C. 4, where z = 0 and therefore 
aO/Bz = 0. So with m = 1,3,5'**' B.C.'s 4 and 6 become 
satisfied. 
By properly selecting values of the A^  we can force the 
function (p of equation 2 to satisfy the remaining boundary 
conditions, namely, B.C.'s 1, 2 and 3* This forcing is done 
by the PKS method developed by Powers, Kirkham and Snowden 
(Powers et al., 196?). as follows: 
The use of boundary condition B.C. 1 with equation 2 
gives 
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• = H = H - H s 00= (6) 
which, at r = a reduces to 
0=,?- %«o'V> ®°® V (7) 
but R^ (a^ a) = 1 (as defined in equation 5)* 
Then equation 7 becomes 
0 = Z cos a_z for g ^  z s h (8) 
, o tr m m J-O» • • • 
The use of boundary condition B.C. 2 with equation 3 
gives 
° ° " 1 3 5 V 19) 
J-f • • • 
but it can be seen by the use of Dwight (19^ 7) that 
( a/ar) Rg(a^ r) = -a„ (a^ r) (10) 
where is defined as 
Using equation 10 in equation 9 and multiplying both sides of 
the resulting equation by h to get dimensionless values at 
r = 0, we get 
° = , ^  , Wl< (12) 
-L > J » ^  • 
for w < z ^  g . 
The use of boundary condition B.C. 3 in equation 3 at 
r = a gives 
VH = 0 = 1 - L A^ R^ (a„a)oos (13) 
16 
which gives 
for 0 £ 2 2 w • 
Considering equations 8, 12 and 14 let us now define a 
function f(z) as 
f(z) = 1 for 0 3 z s w 
f(z) = 0 for w ^  z s g (15) 
f(z) = 0 for g ^  z 5 h 
and a function u^ (z) as 
Ug^ (z) = cos OjjjZ 0 s z s w 
Ug^ (z) = hag^ R2^ (a^ a)co8 w s z ^  g (16) 
Uj^ (z) = cos a^ z g < z ^  h 
Equations 15 and l6 can now be written as 
f(z) = E \ 0 ^  z :£ h (17) 
1 f 3 » 5 f • • • 
which is a single equation sought for the PKS method (Powers 
et al., 1972). 
By use of the PKS method for determining the values of 
equation 17 becomes 
= (18) 
where N=l,3»5f*tN-»'» . 
Here fjj(z) is the N approximation of f(z), and is 
the value of in the N approximation. For each value of N 
is found a set of values such that as N is increased f^ (z) 
of equation 18 gets closer to f(z) of equation 15 except at 
points of discontinuity such as at z = w and z = g, where an 
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average value of f(z) is obtained (Selim and Kirkham, 1974). 
This average value [f(z)J can be calculated as follows: 
[f(z)]. = I (19) 
where f(z") denotes the value of f(z) as approached from the 
left and f(z*) from the right. 
The Aj^  values can be obtained by the use of recursion 
relations described by Kirkham and Powers (1972), whenever 
certain constants u^  ^and w„, which are definite integrals, 
mn m 
are available. A Fortran computer program is available for 
getting the A^ ^^  values using the Powers, Kirkham and Snowden 
method (Boast, 1969). 
For this computer program and from equations 15 and 16 and 
the formulation of the PKS method, the constants u„^  and w 
mn m 
to be used are: 
= J" u„(z) u„(z) dz (20) 
0 
h 
% = J' f(z) Ujj^ (z) dz (21) 
0 
where m = l,3»5i...t N 
and n — 1,3*3*..** N 
By applying the PKS method to this problem the zeroth 
approximation in Powers and Kirkham (1972) becomes the 
first approximation, i.e., instead of the constants w^ , u^ ,^ 
D^ , G^ , E^ , A^ Q,..., we have w^ , D^ , G^ , A^ ,^..., 
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and etc.... become w^ , D^ , etc.... and so on. 
The constants a and g on the integrals become zero and h, 
respectively, in our problem. 
By using equations 15. l6, 20 and 21, u^  is given as* 
= ; cos(a^ s)cos(a^ z) d 2  + J" 
0 w 
h 
cos(a^ z)cos(an )dz + / cos(a^ 2)cos(a^ z)dz ( 2 2 )  
Equation 22 when integrated gives 
s^in(a_-a )w sin(a +a )w^  « 
s^in(a„-a^ )g sin((i^ +a^ )g si.n(a„-an)« sin(a^ +a„)v,^  
'• Z 2la^ +a„) J 
s^ln(tt^ -a„)h sln(a^ ftt„)h sln(a^ -tt„)g 8ln(a^ +a^ )g^  
'• Zl'm+'n) 
(23) 
For m = n equation 22 becomes 
"mm ~  ^ cos^ (a^ z)dz + S h^ a^ R^ (a^ a)cos^ (ajjjZ)dz + / cos^ (a^ z)dz 
0 w g 
(24) 
When integrated equation 24 gives 
2 • r 55-^ J (25) 
m m 
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Equation 25 can be reduced to give 
«jj, = • IK" [sin 2»^ w + sin 2a^ h - sin 2o^ g] 
m 
2 2 
+ [2a^ (g-w) + sin 2a^ g^ - sin 2a^ w] (26) 
for n = m = 1,3»5 
By using equations 15. 16. 20 and 21, is given as 
w g 
= J* (1) cos (a^ z) dz + / (0) ha^ j^ R^ Ca^ j^ a) cos (a^ z^) dz 
0 o 
+ / (0) cos (ctjjjZ) dz (2?) 
g 
Equation 2? can be reduced to give 
== sin (a^ w) (28) 
Stream function 
The stream function, tp, can be obtained by the use of the 
method described by Zaslavsky and Kirkham (1965) for which a 
velocity potential ^  is first defined as 
$ = K<i) (29) 
where K is the hydraulic conductivity of the flow medium and 
(p is the potential function defined in equations 2 and 3» 
By using equation 29 in 3 we get 
N 
(5./H) = K[1 - S Rg(%r) ««s (a^ z)] (30) 
1*3*5 
Then by use of the modified Cauchy-Riemann relations (Kirkham 
and Powers, 1972) for axial flow, which are 
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i ài = ii 
r àz ôr 
and (31) 
H ° " r If 
Zaslavsky and Kirkham (1964) and Kirkham and Powers (1972) 
we get the stream function 4^  that corresponds to the velocity-
potential of equation 30 as 
N 
• = i , *Nm (V) <32) 
1 » 3 » 5 
The maximum value of # is for the line EF in Figure 1 
for which = (^a,g), 
A normalized stream function = *^(r,z) may be defined 
as 
* ' = ' 3 3 )  
The normalized velocity potential given from equation 
30 by 
- *(r*z) - K[$(r,a)] _ *(r,z) _ 4{r,z) (34) 
$(b,h) "" K[4)(b,h)] (J)(b,h) ~ H 
may be used to draw the normalized flow nets, where at <f)(b,h) 
equation 3^  gives  ^= 1. 
Travel times 
In computing travel times, attention will be fixed on 
solute travelling from a point on boundary BC, CD or DE to a 
point on the screen boundary AF. 
When a solute travels from a point R at the surface of 
21 
the water table to a point S on the well screen, it has to 
travel along a particular streamline RS as in Figure 1. Con­
sidering the basic assumptions mentioned before, solute 
travel times can be determined as followst 
The Darcy velocity defined as is given by 
v^  =-K (d<t)/ds) (35) 
where K is the hydraulic conductivity of the flow medium and 
d<J>/ds is the head gradient along a particular streamline on 
which distance is measured by s. 
The actual velocity of water flow in the pores is re­
lated to Darcy*s velocity v^  by 
Vg = v/f (36) 
where f is the porosity of the system. But the actual velocity 
Vg^  is equal to ds/dt; therefore, by using equations 35 and 36 
we get 
v^  = ds/dt = v^ /f = -(K/f )(d<J)/ds) (37) 
or 
ds/dt = (-K/f)(d<)>/ds) (38) 
Solving equation 38 for dt gives 
dt = (-f/K)(ds^ /d({)) (39) 
in which (ds/d<j)) is negative so that the right side of equation 
38 is positive. 
To get d({) of equation 38 we use <j>' defined by = <t>/H 
of equation 3 and find the result 
d* = H d(|)' (40) 
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And to get ds of equation 39 we use a normalized length s* 
defined by s* = s/b to obtain 
ds = b ds' (41) 
Then equation 39 becomes 
dt = (-f/K) ( b V H ) ( d s » V d<l>*) (42) 
Now we define dt* as 
df = -ds'2/d*' (43) 
Using equation 43 in 39 gives 
dt = (f/K)(b^ /H) dt* (44) 
where dt and dt' are both positive. Upon integration equation 
44 gives 
t = (f/K)(bVH) t' (45) 
where t' is a dimensionless factor which can be determined by 
numerical integration of equation 42. 
So, by knowing f, K, H, b and after determining t', one 
can find out the exact time of travel of a solute along a 
streamline. 
Quantity of flow 
The rate of water flow into the well is given by 
w 
Q = 2iTa / [a dz (46) 
0 
From equation 30% 
t = KH[1 - S (V) 
n=x,J,*.. 
which by use of equation 9 gives 
aVSr= KH[ Z a„ Rj^(ajjr) cos (a^z)] (4?) 
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by applying equation 4? in 46 gives 
Q = ZttsXEIS 2 Aj^  l^^ V^  cos (a^ z) dz] (48) 
0 li3i3i*** 
or 
Q = ZiraKH Z (*%%) (^ 9) 
m=lf 3151••• 
Now we define a dimensionless flow factor Q* as* 
8' = KHb <50) 
In applying 50 to 49 we get: 
«' = , V (51) 
in=io,^ ,... 
Results and Discussion 
Travel times and quantities of flow for six geometries, 
as shown in Figure 2, were studied. For all cases, the radius 
of influence "b was taken as unity and all other distances were 
expressed in terms of b, as indicated in Table 1. 
In selecting the geometries it was intended to study the 
effects of leak depth h-g, casing depth h-w, radius of in­
fluence b, and radius of well a, on times of solute travel, 
total amounts of flow and flow from each of the boundary sur­
faces, namely: the leak, B.C. 1; the top, B.C. 6; and the 
vertical side at distance b, B.C. 5« 
24-
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îigiire 2. Axial semisections of radial flow to a partly-
cased and partly leaky, fully penetrating water 
table well, for which solute travel times and 
quantities of flow are determined; the cases are 
all drawn to the same scale except for well 
radius a; symbols are as for case 2 
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Table 1. Geometry dimensions for the six cases under study; 
all lengths are in terns of the radius of in­
fluence b 
Case bC) h g w a h-g(2) h.w(3) 
1 1.0 0.6b 0.450b 0.150b 0.020b 0.150b 0.450b 
2 1.0 0.3b 0.225b 0.075b 0.010b 0.075b 0.225b 
3 1.0 0.6b 0.550b 0.050b 0.020b 0.050b 0.550b 
4 1.0 0.6b 0.450b 0.300b 0.020b 0.150b 0.300b 
5 1.0 0.6b 0.450b 0.150b 0.020b 0.150b 0.450b 
6 1.0 0.6b 0.600b 0.150b 0.002b 0.000b 0.450b 
(^ I^n the computer program b is 1. However, it can have 
any value in the formulas developed. 
( 2 )  h-g = leak depth below the top of porous medium. 
( 3 ) 
t^ 'h-w = casing depth below the top of porous medium. 
Normalized flow nets 
By the use of equations 3, 32, 33, and 34, and the 
computer program (Appendix), which was specially prepared for 
this problem, normalized flow nets were drawn. These flow nets 
include normalized potential functions 4>* at 4»' = 0.0, 0.2, 
0.4, 0.6, 0.8, 0.9» 0.97» O.98, 0.99 and 1.00, and normalized 
streamlines ip' at ip* - 0.0, 0.2, 0.4, 0.6, 0.8, 0.9, 0.975, 
0.985» 0.99 and 1.00. In addition, a normalized streamline 
at C(b,h) was drawn because for that point the streamline is 
the longest. Values of ip* at 0.975. O.985 and 0.99 were of 
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interest "because, in most cases, they happen to start within 
the surface of the leak, B.C. 1. Streamlines for these values 
were not computed in case 6 because there was no leak in this 
case. 
Before running the computer program, on all cases, it was 
tested on case 1, which for the sake of discussion is con­
sidered to be the standard case. All other cases are compared 
with case 1 in studying effects and drawing conclusions. 
Determination of coefficients The principle be­
hind the use of the Powers, Kirkham and Snowden (PKS) method, 
in solving a boundary condition problem, is to approximate the 
function f(z) defined in equation 15 by a linear combination 
Z A^  u^ (z) of the function u^ (z) defined in equation 16. 
113 » 51 • • • 
In other words, we are trying to force the potential function 
of equation 2 to satisfy boundary conditions, B.C.'s 1, 2, and 
3 (Boast, 1969). 
We remember that the potential function <J) of equation 2 
has already been chosen to satisfy Laplace's equation 1 and 
the fixed boundary conditions, B.C.'s 4, 5» and 6. 
Powers, Kirkham and Snowden (Kirkham et al., I967) used 
the Gram (I883) and Schmidt (I907) orthonormalization processes 
in order to approximate a given function. The number of 
approximations needed depends on how close is the sum of the 
set of functions A^  ^(2) to the function f(z). The goodness 
of the approximation can be tested by checking the left-hand 
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side of Bessel's inequality against the right-hand side, as 
described by Kirkham and Powers (1972, p. 499). The equation 
is 
s Dm ® f [f(z)]^  dz <52) 
where is a constant defined in Kirkham and Powers (1972) 
and all the other terms have been defined. When the coeffi­
cients are determined they are applied to equation 52. As 
the value of N is increased, the left-hand side value of 
equation 52 gets closer to the value of the right-hand side 
of the same equation. 
Equation 52 can be written as follows * 
0 
As N increases in equation 53» the left-hand side of Bessel's 
now normalized inequality, LHS, approaches unity. Theoretical­
ly at N = 00, the LHS = 1. But for practical use a good 
approximation can be achieved at a certain reasonable value 
of N. 
Table 2 shows the values obtained for the LHS of the 
normalized Bessel inequality with increasing values of N when 
applied to case 1. The starting values of the LHS of Bessel's 
inequality are small, in comparison to the value 1, because of 
the mixed boundary conditions along the well. At the top and 
the bottom of the well the potential <() is given, while in the 
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Table 2. Left-hand side (LHS) of Bessel's inequality 
(equation 53) as it approaches unity for increasing 
N (case 1) 
N 
LHS Bessel's 
inequality N 
LHS Bessel's 
inequality N 
LHS Bessel's 
inequality 
1 0.010 35 0.959 69 0.986 
3 0.032 37 0.960 71 0.986 
5 0.108 39 0.964 73 0.986 
7 0.325 41 0.969 75 0.987 
9 0.651 43 0.971 77 0.988 
11 0.824 45 0.971 79 0.988 
13 0.860 47 0.972 81 0.988 
15 0.863 49 0.975 83 0.989 
17 0.867 51 0.978 85 0.990 
19 0.887 53 0.978 87 0.990 
21 0.918 55 0.978 89 0.990 
23 0.933 57 0.980 91 0.990 
25 0.934 59 0.982 93 0.991 
27 0.934 61 0.983 95 0.991 
29 0.942 63 0.983 97 0.991 
31 0.953 65 0.983 99 0.991 
33 0.958 67 0.985 101 0.992 
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intermediate position the normal derivative a^ /ar is given. 
From the values of the IHS obtained in Table 2, $1 ap­
proximations (N = 101) were believed to be enou^  for getting 
the coefficients Aj^ . 
Another check was made to see how good the approximations 
were, i.e., how high should the value of N be (Powell, 1973)* 
This was done by drawing some graphs for the right-hand sides 
of equations 5 and 18 for increasing values of N, as shorn in 
Figure 3. The circles in Figure 3 represent the values of 
f(s) obtained from equation 18, where s is the vertical dis­
tance along the boundaries B.C.'s 3» 2, and 1; the solid lines 
represent the values of f(s) obtained from equation 1$, Six 
graphs were drawn for case 1 with values of N = 1, 19» 39» 
59» 79. and 101, i.e., for the 1st, 10th, 20th, 30th, and 
51st approximations. 
It can be seen from Figure 3 that the boundary condi­
tions, B.C.'s 1, 2, and 3» become better satisfied as N in­
creases, i.e., the circles get closer to the solid lines; and 
that a very good approximation is obtained at N = 101. 
Points of discontinuity It was found that as N was 
increased, the approximations of the function f(z), at points 
of discontinuity (z = w and z = g), converged to 
= c%(.)]i (5^ ) 
where f^ Cz*) was calculated by using the function that satis­
fies the boundary condition to the right side of the point of 
Figure 3. Approximations of boundary conditions B.C. 1, 
B.C. 2, and B.C. 3» using N = 1, N = 19» N = 39, 
N = 79» and N = 101 in the right side of equations 
15 and 18; as the value of N increases, the circles 
approach the solid lines 
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Figure 3* (Continued) 
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discontinuity and was calculated "by using the function 
that applies on the left side of the point of discontinuity. 
[f%(z)]^  is the average value of both. Table 3 gives the 
values of f^ Cz") and fz^ ) for case 1, at z = w and z = g. as 
N is increased. To get fj^ (w~) equation 14 was used, and to 
g e t  f ^ ( w ^ )  e q u a t i o n  1 2  w a s  u s e d ,  w h e r e a s  f o r  g e t t i n g  f g " )  
and equations 12 and 8 were used, respectively. Theo­
retically., as N increases to very large values [f^ Cw)]^  should 
approach 0.5, and [f^ (g)]^  should approach zero. The functions 
[fjj(w)]^  and [%(g)]j^  seem to oscillate as they approach the 
values 0.5 and zero, respectively. 
The coefficients tabulated in Table k, for N = 101 
were determined and tested, using the methods described above. 
Then applied to equations 30, 32 and 33 to calculate the values 
of normalized potential functions 4»*, and streamlines 'I'*, 
within the flow region. Normalized equipotentials and stream­
lines, of values mentioned at the beginning of this section, 
were drawn so as to obtain normalized flow nets for the cases 
under consideration (Figures 5» 8, 11, 14, 17, and 20). 
Computations of travel times and quantities of flow 
Travel times The computer program in the Appendix wsis 
prepared to compute the travel time factor t *, and the amount of 
flow factor Q*, defined in equations 43 and 51, respectively. 
In the computations, the values of t* are determined from 
flow net values of d <!)' and ds' and their use in equation 43. 
N 
1 
11 
21 
31 
41 
51 
61 
71 
81 
91 
101 
Values of f^ (z) at points of discontinuity, z  =  
creasing N, for case 1 
w and z = g, with in 
) 1—1
 
<
 
1 
1 
>
 fwCgf) 
0.0093 0.0911 0.0502 0.0377 0.0039 0.0208 
0.3405 0.8955 0.6180 -0.2422 0.1150 -0.1153 
0.4135 0.7286 0.5710 0.1295 0.0544 0.0920 
0.4659 0.6121 0.5390 -0.1188 0.0302 -0.0443 
0.5046 0.5301 0.5174 0.0254 0.0446 0.0350 
0.5338 0.4628 0.4983 -0.0500 0.0314 -0.0093 
0.5561 0.4235 0.4898 -0.0324 0.0364 0.0020 
0.5743 0.3949 0.4846 —0.0246 0.0335 0.0044 
0.5914 0.3972 0.4943 -0.0225 0.0302 0.0038 
0.6076 0.4009 0.5043 -0.0500 0.0316 -0.0092 
0.6238 0.3973 0.5105 0.0044 0.0311 0.0177 
m 
1 
3 
5 
7 
9 
11 
13 
15 
17 
19 
21 
23 
25 
27 
29 
31 
33 
35 
37 
8 
P 49
51 
53 
Values of the coefficients of equation 18 for N = 101 and for m = 
1,3,5,''', 101, for the six geometries of Figure 2 
Case number 
1 2 3 4 5 6 
0.6290 0.6301 0.6343 0.9768 0.5517 0.6344 
0.3444 0.3437 0.3325 O.I869 0.3636 0.3319 
0.1299 0.1292 0.1412 -O.I877 0.1868 0.1421 
0.0231 0.0233 0.0158 -0.0363 0.0573 0.0150 
-0.0567 -0.0566 -0.0533 0.0667 -0.0437 -0.0522 
-0.0673 -0.0671 -0.0659 0.0339 -0.0801 -0.0670 
-0.0433 -0.0431 -0.0474 -0.0389 -0.0702 -0.0464 
-0.0145 -0.0145 -0.0103 -0.0345 -0.0359 -0.0115 
0.0213 0.0213 0.0175 0.0362 0.0105 0.0185 
0.0319 0.0318 0.0334 0.0212 0.0375 0.0324 
0.0268 0.0267 0.0272 -0.0247 0.0432 0.0282 
0.0134 0.0134 0.0127 -0.0150 0.0299 0.0119 
-0.0088 -0.0088 
-0.0075 0.0120 0.0021 —0.0066 
-0.0182 -0.0181 -0.0182 0.0191 -0.0190 -0.0188 
-0.0197 -0.0197 -0.0208 -0.0102 -0.0297 -0.0203 
-0.0130 -0.0130 -0.0117 -0.0189 -0.0262 -0.0122 
0.0022 0.0022 0.0000 0.0106 -0.0089 0.0003 
0.0103 0.0103 0.0112 0.0132 0.0077 0.0109 
0.0152 0.0152 0.0151 -0.0051 0.0204 0.0152 
0.0124 0.0124 0.0120 -0.0121 0.0226 0.0121 
0.0021 0.0021 0.0371 0.0003 0.0127 0.0038 
-0.0048 -0.0047 -0.0056 0.0142 0.0005 -0.0053 
-0.0115 -0.0115 -0.0108 -0.0009 -0.0127 -0.0110 
-0.0113 -0.0113 -0.0115 -0.0123 -0.0185 -0.0112 
-0.0049 -0.0049 -0.0059 0.0002 -0.0144 —0.0064 
0.0004 -0.0004 0.0005 0.0087 -0.0066 0.0008 
0.0079 0.0079 0.0076 0.0036 0.0057 0.0070 
Table 4. (Continued) 
m 
Case number 
1 2 3 4 5 6 
55 0.0095 0.0095 0.0090 -0.0086 0.0134 0.0096 
57 0.0067 0.0067 O.OO83 -0.0052 0.0143 0.0078 
59 0.0031 0.0031 0.0021 O.OO87 0.0109 0.0028 
61 -0.0044 -0.0044 -0.0025 0.0044 0.0007 -0.0030 
63 -0.0069 -0,0069 -0.0077 -0.0056 -0.0072 -0.0071 
65 -0.0073 -0.0073 -0.0073 -0.0056 -0.0120 -0.0080 
67 -0.0057 -0.0056 -0.0059 0.0032 -0.0130 -0.0055 
69 0.0007 0.0008 -0.0003 0.0074 -0.0062 -0.0011 
71 0.0032 0.0032 0.0031 -0.0028 -0.0001 0.0035 
73 0.0066 0.0066 0.0069 -0.0069 0.0073 0.0064 
75 0.0066 0.0066 0.0061 0.0001 0.0117 0.0067 
77 0.0026 0.0026 0.0048 0.0058 0.0095 0.0046 
79 0.0013 0.0013 0.0005 0.0019 0.0077 0.0011 
81 -0.0042 -0.0042 -0.0023 -0.0057 -0.0001 -0.0024 
83 -0.0048 -0.0048 -0.0053 -0.0036 -0.0051 -0.0050 
85 -0.0048 -0.0048 -0.0055 0.0046 -0.0083 -0.0060 
87 -0.0052 -0.0052 -0.0053 0.0044 -0.0121 -0.0054 
89 -0.0001 —0.0001 -0.0032 —0.0018 -0.0077 -o.oo4o 
91 -0.0020 -0.0020 -0.0018 -0.0049 -0.0095 -0.0022 
93 0.0035 0.0035 -0.0001 -0.0023 -0.0027 -0.0007 
95 0.0002 0.0002 0.0005 0.0051 -0.0038 0.0001 
97 0.0030 0.0030 0.0008 0.0040 0.0003 0.0004 
99 0.0004 0.0004 0.0005 0.0030 —0.0006 0.0004 
101 0.0010 0.0010 0.0003 -0.0005 0.0005 0.0002 
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The number of bisections (number of d<l)* increments), along a 
streamline determines the accuracy. The number of d'f'' values 
to be used was determined by trial and error. It was found 
except for the longest streamline (4^ (b,h)), that 20 bisections 
and 30 bisections give nearly the same time factors, t*. 
Table 5 gives those values for the different streamlines con­
sidered in case 1. On the longest streamline ( il'* = 0.340), the 
difference in t'values, as the number of bisections was in­
creased, was found to be more pronounced as can be seen from 
Table 5« For 30 bisections t* is 10^  longer than t' for 20 
bisections. But for the other streamlines the difference be­
tween 20 and 30 bisections was about 1^  or less. 
To check the t* values, hand, graphical, integration was 
done using the variable values of d*' given in the figures. 
The hand values agreed to within the errors of measurements of 
the ds' values associated with the dtj)' values of equation 43, 
except for the longest streamline. To see if 30 bisections 
were enough for this streamline, graphical integration was 
done, but not until an accurate graph of ip' versus s* for the 
starting part of the streamline, near point C, was drawn 
(Figure 4). 
Table 6 shows the results of the integration and the t* 
value which agrees with that obtained by the computer program, 
by using 30 bisections. The calculations show that the 30 
bisections were enough for that streamline. 
Table 7 gives the computed values of t* along the 
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Table 5* The values of t* obtained by numerical analysis 
using 20 and 30 bisections (case 1) 
^ ' 20 bisections 30 bisections 
0.000 6.1476 6.1548 
0.200 7.1788 7.1949 
0.400 7.1497 7.1676 
0.600 2.5397 2.5450 
0.800 1.2881 1.2903 
0.900 0.9698 0.9711 
0.975 0.4543 0.4600 
0.985 0.3470 0.3514 
0.990 0.3207 0.3234 
1.000 0.2808 0.2811 
0.340 30.7265 33.5507 
different normalized streamlines considered for the six 
geometries (Figures 5-22 and Table 7). The factors t' when 
multiplied by (f/K) (b^ /H) of equation ^ 5 give the actual 
travel times t of a solute as it moves by assumed piston flow 
from the beginning to the end of a streamline. The table also 
gives the computed values of Q' for the different cases. 
These, when multiplied by (KHb) of equation 50 give the actual 
flow of water to the well. 
Figures 5, 8, 11, 14, 17 and 20, and Table 7 give the 
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Figure 4. Normalized potential function 4^ ' versus dimension-
less distance s' of travel of solute for a portion 
of the longest streamline (V = 0.3^ ) starting at 
the upper right comer of Figure 5» vertical bars 
are at equal values of As', as used in the calcula­
tions 
40 
Table 6. Graphical integration of t'; values tabulated of <1>*, 
s*, 44/, A8', and At' are taken from Figure 4 for 
0.9 3 1.0 and from Figure 5 for 0 s <j)* < 0.9, for 
the longest streamline, ij, = O.34, of case 1 
At' = 
4>' s' A(()' AS*- AS'2/4 4" 
1.0000 
0.9998 
0.9996 
0.9992 
0.9986 
0.9978 
0.9968 
0.9953 
0.9938 
0.9919 
0.9893 
0.9865 
0.9834 
0.9798 
0.9753 
0.9700 
0.9638 
0.9556 
0.9463 
0.9340 
0.9170 
0.9000 
0.8000 
0.6000 
0.4000 
0.2000 
0.0000 
1.1548 
1.1148 
1.0748 
1.0348 
1.9948 
0.9548 
0.9148 
0.8748 
0.8348 
0.7948 
0.7548 
0.7148 
0.6748 
0.6348 
0.5948 
0.5548 
0.5148 
0.4748 
0.4348 
0.3948 
0.3548 
O.328O 
0.1902 
0.0839 
0.0386 
0.0138 
0.0000 
0.0002 
0.0002 
0.0004 
0.0006 
0.0008 
0.0010 
0.0013 
0.0015 
0.0019 
0.0026 
0.0028 
0.0031 
0.0036 
0.0045 
0.0053 
0.0062 
0.0082 
0.0093 
0.0123 
0.0170 
0.0170 
0.1000 
0.2000 
0.2000 
0.2000 
0.2000 
0.0400 
0.0400 
0.0400 
0.0400 
0.0400 
0.0400 
0.0400 
0.0400 
0.0400 
0.0400 
0.0400 
0.0400 
0.0400 
0.0400 
0.0400 
0.0400 
0.0400 
0.0400 
0.0400 
0.0400 
0.0268 
0.1378 
0.1063 
0.0453 
0.0248 
0.0138 
8.0000 
8.0000 
4.0000 
2.6667 
2.0000 
1.6000 
I.23O8 
1.2307 
0.8421 
0.6154 
0.5714 
0.5163 
0.4444 
0.3555 
0.3019 
0.2581 
0.1951 
0.1720 
0.1301 
0.0941 
0.0422 
0.1899 
0.0565 
0.0103 
0.0031 
0.0009 
Sum of terms in last column = f = 33.5275 
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Figure 6. The stream function versus the boundary distance a, at points along 
the boundaries B.C.'s 1, 6, and 5 of Figure 1, for case 1 of Figure 2 
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Figure 21. The stream function ip' versus the boundary distance s, at points along 
the boundaries B.C.'s 1, 6, and 5 of Figure 1 for case 6 of Figure 2 
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Table 7. Quantity of flov; factors Q* and time factors t' along the different 
normalized streamlines fp' as computed analytically (except for at 
point D) for the six cases 
Case 
rp • 1 2 3 4 5 
0.4020 0.2001 
SL 
0.4012 
•t» 
0.6889 0.2000 
0.000 
0.200 
0.400 
0.600 
0.800 
0.900 
0.975 
0.985 
0.990 
1.000 
C(b,h) 
D(a,h) 
6.1548 
7.1949 
7.1676 
2.5450 
1.2903 
0.9711 
0.4600 
0.3514 
0.3234 
0.2811 
33.5507 
0.7950 
39.7076 
3.8979 
1.2484 
0.5794 
0.3112 
0.2375 
0.1127 
0.0866 
0.0800 
0.0697 
163.3128 
0.1350 
6.1123 
7.1136 
7.3569 
2.5817 
1.3048 
0.9721 
0.7940 
0.7768 
0.7749 
0.5778 
33.2515 
0.7550 
4.1062 
4.9136 
3.4086 
1.2021 
0.5238 
0.3545 
0.0942 
0.0722 
0.0647 
0.0536 
21.7005 
0.1998 
12.3012 
14.3452 
14.5863 
5.1544 
2.6140 
1.9487 
1.6226 
1.2023 
0.8676 
,0.5755 
66.8636 
1.3200 
6 
0.4010 
6.1040 
7.1109 
7.2694 
2.5646 
1.3033 
0.7484 
26.4522 
0.7484 
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travel time factors t' for the shown streamlines only. But 
they also provide enough information which might help to de­
termine the travel times from any other point, not covered 
by those streamlines. These travel times can be determined 
with the help of the curves, ip* versus s, of Figures 6, 9, 12, 
15» 18 and 21, prepared for each of the cases under study. 
Here, s is not to be confused with the s* used to denote the 
path travelled by the solute along the streamline; instead s 
is here the linear distance along the path GEDCB, where GE(=a) 
lies out of the flow region and is used for convenience to 
specify values from the graphs. For example, at the point 
P(b/2,h) of Figure 5» s is equal to the distance GE + DE + DP 
which is equivalent to [0.02b + 0,15b + 0.48b] or 0.65b. 
Knowing what the value of s is we can fix our attention 
on Figure 6 and read from it the value of if;* corresponding to 
s = 0.65 just found. can be found to be 0.585» From 
Figure 7 one can read off the value, log^ g 1000 t* = 3.45 that 
corresponds to = O.585. So we can find t* as 
t» = 10(^ °%0 )/1000 = 2.82 . 
Similarly the figure pairs 9» 10; 12, 13; 15,  16; 18, 19; 
and 21, 22 may be used to get travel times for solute moving 
to the well from any point on the boundaries B.C.'s 1, 5» and 
6, for the remaining five geometries. Using this procedure 
Table 8 was prepared to give the travel time factors t*, from 
the point P(b/2,h) to the well, for each of the six geometries. 
The value t' = 2.82, determined above, is in line 1 of the body 
64 
Table 8. Actual time of travel values from a point P(b/2,h) 
at the surface boundary of the flow region to the 
well for the six cases 
Case s i|''(b/2,h) log^ glOOO t' f t (days) 
1 0.650 0.585 3.45 2.82 141.0 
2 0.575 0.210 3.55 3.55 177.5 
3 0.550 0.600 3.^ 3 2.69 134.5 
4 0.650 0.545 3.19 1.55 77.5 
5 0.650 0.600 3.71 5.15 257.5 
6 0.500 0.600 3.42 2.57 128.5 
of Table 8. 
Table 8 also includes a column for actual travel times. 
For obtaining these values the t' values of Table 8 were used 
in equation 45. It was assumed that the flow medium has a 
hydraulic conductivity K of 10 meters per day, a porosity f of 
0.25» a radius of influence b of 100 meters, and a hydraulic 
head difference H of 5 meters (Johnson, 1966). 
Quantities of flow Using Figures 5-22, the values of 
Q* from Table 7, and equation 50» one can determine the total 
amounts of flow and the proportion of the total flow from each 
boundary, namelyi the leak surface, and the top and side 
surfaces as shown in Table 9« The three proportions add to 
unity, as in column 1 of the table where 0.070 + O.590 + 0.340 
— 1.00. 
Table 9. The values of s at D(a,h), and of ip* for points B(b,0), C(b,h), D(a,h) and 
E(a#g). and the proportions of total flow to the well from each of the 
surface boundaries for the six cases as determined from Figures 5 to 22 
Case 
1 2 3 4 5 6 
s at D(a,h)(^ ) = 
(GE + ED) 
0.170 0.085 0.070 0.170 0.152 0.020 
at B(b,0) 0.000 0.000 0.000 0.000 0.000 0.000 
4" at C(b,h) 0.340 0.037 0.344 0.310 0.342 0.346 
at D(a,h) 0.930 0.960 0.995 0.940 0.980 1.000 
at E(a,g) 1.000 1.000 1.000 1.000 1.000 1.000 
Leak /o\ 
"'"(a,g) - t|;'(a,h)^ '^ ' 0.070 0.040 0.005 0.060 0.020 0.000 
î°?a,h) - i^ '(b,h)(^ ) 0.590 0.923 0.651 0.630 0.638 0.654 
Side /i,\ 
'f'Xb.h) - 4^ (b,0)l*/ 0.340 0.037 0.344 0.310 0.342 0.346 
 ^ V^alues of s at D(a,h) (as obtained from Figures 5» 8, 11, 14, 17, and 20) 
are needed to determine the values of at D(a,h) from Figures 6, 10, 12, 15» 18, 
and 21. 
( o )  
* 'Proportion of flow from the leak. 
P^roportion of flow from the top. 
 ^ 'Proportion of flow from the side. 
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By knowing the proportion of total flow, from each 
boundary (Table 9)» it can be multiplied by the quantity of 
flow factor Q* from Table 7 and by the (KHb) value of equation 
50, to get the actual quantity of flow to the well from the 
boundary under consideration. 
One can also determine the effect of a certain region 
that is polluted and that contributes to the solute concentra­
tion of a well. We should remember here that one of the 
assumptions made to solve this problem was piston flov/ condi­
tions, i.e., the effects of decomposition, absorption and 
diffusion rates were not considered. To the piston flow con­
tribution the effects of these other factors should be added 
in order to get an exact solution. Work such as that of 
Hendricks (1972) and Marino (1974) should be incorporated. 
The effect of leak depth on travel times and flow quantities 
The effect of leak depth on solute travel times can be 
determined by comparing cases 1, 3, and 6 (Figure 2). In 
these three cases all parameters are the same except for the 
leak depth. 
It can be seen from Tables 7 and 8 that travel times from 
points such as B, C, P and D along the top and side boundaries 
to the well, increase in the direction of increasing leak depth. 
For instance, the t* values from point P(b/2,h) to the well 
are 2.57» 2.69» and 2.82, for cases 6, 3» and 1, respectively. 
If a solute is put at the top of the leak-soil interface. 
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some of it will move over a long path, first outward and then 
downward back to the well. The rest will be carried down 
directly to the bottom of the leak in the nonporous medium 
region. The latter part then starts moving from the bottom of 
the leak towards the well and it will have the shortest time of 
any solute introduced anywhere on the boundaries. The t* 
values along the shortest path from point E to the well for 
cases 1, 3» and 6 are 0.28, 0.58, and 0.75, respectively 
(Figures 5» 8, and 11). Whereas the t*values, for those 
solutes that take the longer way, from point D to the well, 
are found to be .80, .76, and .75» respectively. 
As for the total quantity of flow, the three cases give 
about the same value, Q* = 0.^ 020, 0.4012, and 0.4010 for 
cases 1, 3, and 6, respectively. 
Although the Q*values are the same one can see from the 
streamline values and Table 9 that the flow density is greater 
near the well when there is a leak than when there is no leak. 
If one were sure that pollution from near the well casing 
is not a problem, one could put some gravel pack around the 
casing and induce the density of flow to be greater from a 
closer distance around the well, to reduce the amount of flow 
that comes from a wide region away, which might be near a salt 
water encroachment or a pollutant source. 
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The effect of casing depth on travel times and flow quantities 
Cases 1 and 4 (Figure 2), when compared, could give the 
effect of casing depth on travel times of solutes and flow 
quantities to a well. 
The values of t* for streamlines that start at points 
B, C, P, and D (Tables 7 and 8) show that it takes a longer 
time for a solute to travel to the well when a deeper casing 
is installed in a well. For example, it takes a solute 
approximately twice as long a time to travel from point P to 
the well in case 1, when compared to case 4, silthough the 
casing depth is only 3/2 times longer. The values of t' are 
2,82 and 1.55i from points P, for cases 1 and 4, respectively 
(Table 8). 
It can also be noticed that the time of travel along the 
shortest path, i.e., from point E to the well, has also de­
creased to about 1/5I the t' values are 0.28 and 0.054 for 
cases 1 and 4 (Table 7). However, the effect is less pro­
nounced along the longest path. From point C to the well the 
t* values are 33*55 and 21.70 for cases 1 and 4, respectively. 
As to the total amount of flow to the well, case 4 gives 
about 70^  more flow than case 1. The Q* values for cases 1 
and 4 are 0.4020 and 0.6889, respectively (Table 7)» But the 
percentage of flov/ to the total flow from each of the bounda­
ries doesn't change much in both cases. The differences are 
about Ifo from the leak boundary, and from the top and 
side boundaries (Table 9). 
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It can be concluded that the casing depth could be a 
very important criterion in controlling solute travel times to 
wells. Since, as we have seen, by only increasing the depth 
50?S we can increase travel times significantly, especially 
from areas closer to the well. 
The effect of radius of influence on travel times and flow 
quantities 
The results obtained from cases 1 and 2 of Figure 2 can 
be used to study the effects of the radius of influence 
around a well on travel times of solutes and flow rates. In 
case 2 all distances were cut by half, except for the radius 
of influence b which was kept as unity. The results are given 
in Figures 5 and 8 and in Tables 7 and 8. It can be noticed 
that the t' values have increased significantly for distances 
away from the well, whereas they were smaller along the leak 
boundary B.C. 1 and from regions close to the well. This can 
be explained quite easily by the fact that the travel paths 
from near the well are shorter in case 2 than in case 1, 
whereas from points further away from the well the path has 
been increased. For instance, from point C the value of t' 
is 163.31 in case 2 compared to 33.55 in case 1,  
The total quantity of flow has been cut into exactly half 
in case 2, v/hen compared to case 1. Q* values are 0.2001 and 
0.4020 in cases 2 and 1, respectively. But if we actually 
want to draw a conclusion regarding the effect of radius of 
influence on total flow, we should have increased the value of 
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b to 2 and kept all other distances constant for case 2. So 
what we are now actually getting is the effect of reducing 
depth and radius of well on Q when we are comparing cases 
1 and 2. 
As to the proportion of flow we can conclude that as the 
radius is increased the largest proportion of flow comes from 
regions directly surrounding the well, and that the increase 
in radius of influence contributes only small amounts to total 
flow. About 80^  of the total flow comes from the leak region 
and the top boundary that lies between point P(b/2,h) and the 
well (Table 9 and Figure 8). 
The effect of radius of well on travel times and quantities 
of flow 
The radius of the well a has been reduced from 0,02 in 
case 1 to 0,002 in case 5» All other distances were held 
constant. The result vras an increase in the travel time of 
solutes to about double, along the top and side boundaries. 
For example, from points B and P the t' values have increased 
from 6.15 and 2.82, in case 1, to 12.30 and 5*15 in case 5 
(Tables 7 and 8). Whereas along the leak surface, the t' 
values have more than doubled. In some cases they have in­
creased fivefold (Table 7)« 
As to the quantity of flow, Q' is 0.2000 in case 5 and 
0.4012 in case 1. It has been cut by half. 
The proportion of the flow from the leak has been 
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obviously decreased because of the smaller area of flow 
(small well radius), whereas it has increased from along the 
side and top boundaries (Table 9)* 
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LABORATORÏ ANALYSIS 
Materials and Methods 
To check our work and the results obtained by the mathe­
matical approach described in the mathematical analysis section 
of this dissertation, a half-cylinder model, shown in Figure 
23, was built. The dimensions used were those specified for 
case 1 in Figure 2 and Table 1. It was assumed that the re­
sults obtained from one case would apply to the other geome­
tries. Extreme care was taken to satisfy the boundary con­
ditions listed previously. A screen, 200 mesh, was installed 
at a distance 3 cm from the outside wall of the model. Be­
tween the screen and the outside wall, gravel was used in 
order to provide free water movement along the whole depth of 
the flow medium. 
At the upper part of the casing, a screen was placed at a 
distance 2 mm away to form the leak, where again water moves 
freely. The lower part of the well was also protected by a 
screen, through which water passes from the flow region. The 
casing and the bottom are, of course, impermeable. 
For the flow medium, Clayton silica sand, grade 53» was 
used. The sand was obtained from Martin Marietta Company, 
Cedar Rapids, Iowa. Grade 53 means that, when sieve analyzed, 
none of the sand is retained on U.S.8, sieve number 30» and 
that 13#, 30^ , 29#, 19^ , 8^ , and 1% will be retained on U.S.S. 
sieve numbers 40, 50, 70, 100, 140, and 200, respectively. 
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14.04 10.53 I 
3.51 a 
T 4^  Drain 
Plexiglas 
Screen 
Galvanized 
iron 
Figure 23.  Front and top drawings of the model; all dis­
tances are in cm; drawings are to the scale of 
case 1, Figure 2, except that the radius of the 
well if smaller than is shown 
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The sand was weighed and poured into the model which has 
already been filled with water. This procedure was followed 
in order to avoid any air entrapment and to try and get uniform 
compaction. The sand was added slowly and at a constant rate. 
The depth h of the sand in the model was 14.04 cm, the 
radius b of the flow medium was 23.40 cm, the screen depth w 
was 3*51 cm, the casing depth (h-w) was 10.53 cm, the leak 
depth (h-g) was 3«51 cm, and the well radius a was 0.468 cm. 
From the weight of the sand used, and the volume of the 
flow medium, the porosity f of the system was calculated and 
was found to be 0.3I.  
At the bottom of the well there is a drain, the purpose 
of which is to collect the flow and to maintain a constant 
level of water in the well. The water level on the surface of 
the flow medium was held constant by means of a constant head 
source. Distilled water was used throughout the experiment. 
Water was left running into and out of the system for a 
few days before the start of the experiment so as to stabilize 
the system. 
Two separate hydraulic conductivity cells (as shown in 
Figure 24) were used (Klute, 1965) to measure the hydraulic 
conductivity of the porous system. Extra effort was made to 
duplicate the same conditions as in the model. 
Points corresponding to = O.975,  O.93,  0.9,  0.6, and 
0.4 (using Figure 5) were located to be used in the determina­
tion of solute travel times to the well. Both sides of the 
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% 
Figure 24. Photograph of hydraulic conductivity cells used 
to determine the hydraulic conductivity of the 
material constituting the flow medium 
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model (to the left and right of the well) were used so as to 
check our results. 
Two clocks were used to take measurements with time lapse 
photography. The intervals depend upon the velocity of travel 
and the streamline. The lower clock measures minutes and 
seconds, and its hands move in the counterclockwise direction. 
The upper one measures the hours and has its hands move in the 
clockwise direction. 
Potassium permanganate crystals were used as a coloring 
agent. The sizes of the crystals were selected to "be nearly 
identical. 
Pictures were taken for all streamlines and for each pair 
of streamlines having the same value, after each interval, 
and at the time of start and time of reaching the well. 
Results and Discussion 
Figure 25 shows the relative rate of advance of the 
potassium permanganate solute from different points along the 
boundary surfaces. It was not possible to use this figure to 
measure travel times because of the difficulty of placing all 
the permanganate crystals at exactly the same time. It should 
also be mentioned that some of the conditions used when running 
this experiment were different from those in Figures 26-30 and 
therefore travel times from Figure 25 cannot be compared with 
those of the other figures. 
Figures 26-30 show the pictures obtained during the 
Figure 25.  Photographie sequence pictures illustrating the 
development of streamlines of = 0.9, 0.6, and 
0,4 in the model; times for the pictures are 
(minutesI seconds) » A = 10*03, B = 11*33, C = 
20*00, D = 26*45, E = 30*00, P = 40*00, 
G = 50*00, H = 60*00,  I = 70*00, J = 80*00,  K = 
85*00, and L = 96*46 
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Figure 25. (Continued) 
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Figure 26. Photographie sequence pictures illustrating the 
development of the streamline, ^ * = 0.975 in the 
model; times for the pictures are (minutes: 
seconds): A = 00:11, B = 01:01, C = 02:09, 
D = 02:31, E = 02:54, and F = 03:00 
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£4-1-7 
Figure 2?. Photographie sequence pictures illustrating the 
development of the streamline, = 0.93, in the 
model; times for the pictures are (minutes; 
seconds); A = 00;09, B = 01:01, C = 02:05» 
D = 03:00, E = 04:00, and F = 05:06 
Figure 28. Photographie sequence pictures illustrating the 
development of the streamline, = 0,9, in the 
model; times for the pictures are (minutes: 
seconds): A = 00:06, B = 01:03, C = 02:06, 
D = 03:06, E = 04:09, F = 05:00, G = 05:44, and 
H = 06:09 
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Figure 29. Photographie sequence pictures illustrating the 
development of the streamline, = 0.6, in the 
model; times for the pictures are (minutesi 
seconds): A = 00:08, B = 03:01, C = 06:04, 
D = 09:00, E = 12:01, F = 14:59, G = 16:18, and 
H = 16:23 
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Figure 30. PhotograpMc sequence pictures illustrating the 
development of the streamline, 4)' = 0.4, in the 
model; times for the pictures are (minutes: 
seconds): A = 00:26, B = 05:00, C = 10:00, 
D = 15:00, E = 20:05, F = 25:18, G = 30:01, 
H = 35:00, I = 40:00, J = 44:59, K - 47:02, 
L = 50:14, and M = 54:20 
Figure 30. (Continued) 
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progress of the experiment after placing the potassium per­
manganate crystals at locations along the flow surfaces 
corresponding to = 0.975. 0.93, 0.9, 0.6, and 0.4. 
The actual travel times taken along each streamline were 
measured by reading the clocks at the beginning (when the 
crystal is placed in the sand) and at the end (when the dye 
reached the well). The difference, which is the actual time of 
travel, is tabulated in columns 7, 8, and 9 of Table 10, where 
column 9 gives the average time for crystals placed sym­
metrically at both sides of the well. The times are very close 
in columns 7 and 8 except for the longest streamlines where the 
two times were 47 minutes 2 seconds, and 5^ minutes 20 seconds 
(Figure 28). This is actually the closest we could get be­
cause of the sensitivity of that location where times of 
travel get very long as the comer is approached. This devia­
tion could be due to a slight difference in placing the 
crystals at both sides of the well; or due to some differen­
tial compaction between the two sides. 
Columns 5  and 6 in Table 10 give the theoretical travel 
times when the dimensions of the model were used in equation 
45. The head difference H, during the experiment, was 18.6 cm. 
It can be noticed that there are two columns (5 and 6) for 
theoretical times. The first was obtained by the use of the 
value of K as determined by measuring the quantity of flow Q 
(column 2), and solving for K (column 3), by using equation 50. 
This value of K was then used in equation 45 to solve for t; 
Table 10. Theoretical and experimental values of Q, K, and t for the porous 
medium model 
Theoretical t Experimental t 
Q (cc/sec) K (cm/sec) (minisec) (minisec) 
Theor. Exper. 
From 
model 
From 
cell 
K from 
model 
K from 
cell Left Right 
Aver­
age 
(1) (2) (3) (4) (5) (6) (7) (8) (9) 
0.975 3.499 3.125 0.0179 0.020 03,36 03,13 03,00 03100 03:00 
0.930 3.499 3.125 0.0179 0.020 06:14 05,35 05,06 05106 05,06 
0.900 3.499 3.571 0.0204 . 0.020 07i14 07i23 05,44 06:09 05,57 
0.600 3.499 3.448 0.0197 0.020 19,39 19,21 16,23 16118 16:21 
0.400 3.499 3.401 0.0194 0.020 56112 54,31 47102 54:20 50i4l 
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the results are tabulated in column 5* The second value of K 
(column 4) was obtained by the hydraulic conductivity cell 
experiment, which was done separately and which gave a value 
of K to be 0.020 cm/sec. This value was then used in equation 
4$ to solve for a theoretical time t, and t values were then 
entered in column 6 of Table 10. 
It can be seen from Table 10 that the theoretical values 
of t, based on the hydraulic conductivity value measured by the 
use of the conductivity cells, have percentage deviations vary­
ing from 7.22 to 24.09 of the experimental t values. When K 
is based on the discharge from the model, i.e., when values of 
Q*, b, H, f, and t* of the model (case 1) are used, the devia­
tions vary from 10.88# to 22.82JS. For example, along = 
0.4, and if we use the values of t in columns 6 and 9 of Table 
10, we find a percentage deviation equivalent to [100(54*31 -
50»4l)/(50i4l) = 7.569s]. 
Another check that can be made to study the differences 
between theoretical and measured times is to compare ratios 
where and refer to values of the normalized stream-
function \p* for adjacent streamlines for which travel times 
were experimentally determined. For example, using the values 
of t at = 0.975 and 1^2 ~ 0.930, and from column 9, the 
ratio is (05*06/(03*00) = I.70. Four such ratios were cal­
culated from columns 5 of Table 10 and found to have the values 
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1.73, l.l6, 2.72, and 2,86; and similarly 1.74, 1.32, 2.62, 
and 2.82 from column 6; and similarly I.70, 1.17» 2.75» and 
3.10 from column 9. In these ratios each number in a group, 
such as 1.73, 1.74 and I.70, should be equal; similarly each 
number in I.I6, I.32 and 1.17; likewise for 2.72, 2.62 and 
2.75; and for 2.86, 2.82 and 3.10, for a perfect agreement be­
tween the theoretical and the experimental results. They are 
actually close, and give a better check in comparison with the 
percentage deviation method mentioned before. 
One can never expect to get identical results from the 
theory and laboratory tests, especially in this type of porous 
medium experiment, where nonuniform compaction, clogging of 
the well screen by fine sand particles, and widening of the 
streamlines due to diffusion are some possible sources of error. 
The differences in flow rates, between the theoretical 
value of Q (column 1), as obtained by using the value of K 
from the conductivity cells experiment (column 3) and equa­
tion 50, and the experimental value of Q (column 2) as mea­
sured with time lapse, are seen to be small. Actually in some 
cases the difference is less then I.5# as for = 0.6 for 
which the values of Q are 3.448 and 3*499 cc/sec. 
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SUmiARY AND CONCLUSIONS 
An exact theoretical solution for solute travel times, 
total quantities of flow, and flow from each of the recharging 
boundaries was developed for a partly cased, partly screened, 
fully penetrating water table well (where screen depth and 
casing depth add up to give the depth of the aquifer), with a 
leak around the upper part of the casing. By leak is here 
meant a highly permeable region connected with the free water 
at the top of the water-saturated aquifer. From this leak 
water doesn't flow directly into well but must move through the 
porous flow medium before reaching the well screen. The upper 
boundary of the flow region is taken as an equipotential and 
so is the vertical boundary of the radius of influence. The 
boundaries at the leak, the top of the aquifer and the radius 
of influence all have the same value of potential. The well 
is never pumped down so that the screen is at atmospheric 
pressure, i.e., the screen portion of the well is not a 
surface of seepage. 
The flow medium is considered to be homogeneous and satu­
rated, with negligible cone of drawdown. Steady state condi­
tions and piston type flow are assumed. 
The analytical method used to solve the problem is a 
modified orthonormal function method as described in Kirkham 
and Powers (1972). It is a modified Gram-Schmidt method 
developed by Powers, Kirkham and Snowden (1967) and further 
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developed by Kirkham (1972) to solve mixed boundary value 
problems. The method consists mainly of forcing a certain 
function which is a solution of Laplace's equation to approxi­
mate one or more boundary conditions, here mixed, of a problem. 
A porous medium laboratory model was constructed and the 
results from it were compared with those obtained by the 
analytical technique. 
Six geometries were studied in an attempt to see the 
effects of leak depth, casing depth, radius of influence, and 
radius of the well on travel times of solutes to wells and 
quantities of flow. 
Effects of leak depth: The results show that a leak of 
one-fourth the depth of the well has only a slight effect on 
total quantities of flow, with other factors being the same. 
The dimensionless flow factor Q* for a certain geometry is 
0.4010 when the leak is present, and 0.4020 for the comparable 
geometry without the leak. On the other hand, the leak has a 
more pronounced effect on travel times of solutes and densi­
ties of flow. In the presence of the leak, it takes solutes a 
longer time to travel to the well from all points on the top 
boundary and on the vertical boundary at the radius of influ­
ence. Whereas from points lying on the periphery of the well, 
solutes take shorter time to reach the well, when the leak is 
there than when the leak is not there. The dimensionless time 
factors t*, for solutes traveling, respectively, from the 
bottom of the leak to the well and from a point at the top of 
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the flow medium located halfway between the center of the 
well and the radius of influence, are 0.28 and 2.82. Whereas 
in the absence of the leak, the corresponding t* values are 
0.75 and 2.57. 
Effects of casing depth: Casing depths, for equal depths 
of leaks, are found to have a significant effect on quanti­
ties of flow and solute travel times. For two comparable 
geometries studied it is found that a reduction of the casing 
depth by one-third increases the well discharge by about 705S. 
As for travel times of solutes, the effects are particularly 
more significant in areas closer to the well. For instance, 
the travel time factors t* for solutes starting at the bottom 
of the same depth of leak are 0.28 and 0.05 for geometries 
with casing depths equal to 3/4 and 1/2 the depth of the well, 
respectively. 
Effects of radius of influence; The effects of increasing 
the radius of influence (or reducing the total well depth) on 
flow quantities and solutes travel times to wells are very 
pronounced. For all distances, except the radius of influence, 
being cut by one-half, the total flow is reduced by about 50#. 
Travel times decrease from regions close to the well, and in­
crease from regions farther away. The dimensionless time 
factor t* decreases from 0.28 to 0.07 for a path along the 
streamline starting at the bottom of the leak, and increases 
from 33.55 to 163.31 for a path along the streamline starting 
at the point located at the radius of influence of the well. 
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Effects of well radius % The radius of the well also 
affects the flow quantities and solute travel times to 
wells. A decrease in the well radius by tenfold gives about 
505$ less flow and nearly doubles the time of solute travel to 
wells. 
The results obtained by the use of the model were found to 
be in good agreement with those obtained by the analytical 
technique. The differences are probably due to errors in plac­
ing permanganate crystals for making streamlines, and due to 
some experimental errors made while measuring the hydraulic 
conductivity and porosity of the flow medium. 
It can be concluded that in areas where groundwater pollu­
tion is becoming a serious problem and where, at a certain 
region within the area of influence of a well, there exists 
a serious pollutant source, one can sometimes control the water 
flowing from that region to the well by using suitable well 
casing and screen depths, radii of well, and by controlling 
the permeability around the well casing. 
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APPENDIX: COMPUTER PROGRAM 
c 
c 
c ***********»*# MAIN PROGRAM ************* 
C  
C 
C TO DETEWMINE THE TIMES CF TAAVEL AND THE AMOUNTS OF KATER FLOW 
C TO A FULLY P&NETWATING,PARTLY CASED AND PARTLY SCREENED WELL,WITH 
C A HIGHLY PEQMEADLE REG ION(LEAK» ARCUND THE UPPER PART OF THE 
C CASING RIV THE USE OF GRAM-SCHMIDT METHOD AS MODIFIED OY POWERS AND 
C KIRKHAM. 
C 
C 
C DESCRIPTION OF VARIABLES:  
c 
c  A V k =  R A D I U S  O F  T H E  W E L L  
C JW= RADIUS OF INFLUENCE AROUND THE WELL 
C HW= DEPTH OF THE WELL 
C WL= DEPTH OF THE SCREEN 
C GW= DEPTH FROM THE BOTTOM OF THE PERMEABLE REGION TU THE BOTTOM UF ^  
C THE WELL W 
C PL= 3 .14159265353)79300 
C U( I )=  ARRAY OF U(M,N)  VALUES AS DESCRIBEC BY POWERS AND KIRKHAM. 
C C( I )=  AIRAY OF C(M,N)VALUES AS DESCRIBED BY POWERS AND KIRKHAM 
C D( I )=ARRAY OF D(M,N)  VALUES A3 DESCRIBED BY POWERS AND KIRKHAM 
C G( I )=ARRAY OF G(M,N)  VALUES AS DESCRIBED BY POWERS AND KIRKHAM 
C A(  I )=  ARRAY OF A(M,N)  VALUES 
C RJ( I )=ARRAY OF J (M,N)  VALUES AS DESCRIBED BY POWERS AND KIRKHAM 
C 1S( I )  =  ARRAY OF R1 (ALFA»M»AA )  VALUES .  WHERE :  
C ALFA= PI / (A.0*H4)  
C M= ODD INTEGER 
C  R L =  J E S S E L  F U N C T I O N  D E F I N E D  I N  T H E  P R O B L E M  
C AA(M,N)= ARRAY OF A(M)  COEFFECIENTS AT THE INTERACTION N 
C FFF(N,Z)= ARRAY OF VALUES OF THE FUNCTION FN AT HEIGHTS WL AND GW 
C WHERE:  
C FFF(N,1)= FN{WL->= VALUE OF THE FUNCTION AT HEIGHT V»L AS APP 
c  H O A C H E C  F H O M  T H E  L E F T  H A N D  S I D t  
C  F F F ( N , 2 ) =  F N ( W L + > =  V A L U E  O F  T H E  F U N C T I O N  A T  H E I G H T  W L  A S  A P P  
C  M J A C H E D  F I O M  T H E  R I G H T  H A N D  S I D E  
C  F F F ( N . 1 ) =  A V h R A G E  < J F  V A L U E S  O F  F U N C T I O N S  F F F ( N f l )  A N D  F F F ( N , 2 )  
C  F F F ( N , 4 ) =  F N ( G W - ) =  V A L U E  O F  T H E  F U N C T I O N  A T  H E I G H T  G W  A S  A P P  
C  H J A C H E D  F H O M  T H E  L E F T  H A N D  S I D E  
C  F F F ( N . 5 ) =  F N ( G d + ) =  V A L U E  O F  T H k  F U N C T I O N  A T  H E I G H T  G v »  A S  A P P  
C  R J A C H E D  F R O M  T H E  R I G H T  H A N D  S I D E  
C  F F F ( N . t ) ) =  A V E R A G E  O F  V A L U E S  C F  F U N C T I O N S  F F F ( N , 4 )  A N D  F F F ( N , 5 )  
C  t 3 E ' 3 R H S =  V A L U t  O F  T H E  O E S S E L ' S  R I G H T  H A N D  S I D E  I N E Q U A L I T Y  
C  I E R T H =  A  V A R I A B L E  T H A T  C H E C K S  T H E  E R R O R S  I N  B E S S E L ' S  I N E Q U A L I T Y  A S  
c FOLLOWS: 
C  I E 4 T H =  0  :  N O  E R R O R  
C  I E R T H =  1  :  U ( N , N )  I S  L E S S  T H A N  Z E R O  
C  I E  i T H =  2  :  D ( N )  I S  L E S S  T H A N  Z E R O  
C  I E R T H =  3  :  0 ( N )  I S  G R E A T E R  T H A N  U ( N , N )  
C  I £ R T H =  4  :  F I E S S E L ' S  L E F T  H A N D  S I D E  I S  G R E A T E R  T H A N  I T S  R I G H T  S I D E  
C  I E 1 T H =  5  :  B E S S E L ' S  L E F T  H A N D  S I D E  I S  L E S S  T H A N  Z E R O  
C  N M A X =  M A X I M U M  N U M r J E R  O F  I T E R A T I O N S  ^  
C  F F ( b Û S R H S ) =  F U N C T I O N  T O  C O M P U T E  V E S S E L ' S  R I G H T  H A N D  S I D E  I N E Q U A L I T Y  f  
C  
C  
I M P L I C I T  H E A L  * 8  ( A - H , 0 - Z )  
O I  M E N S  I  O N  U ( S i ) . C { 5 1 ) . D ( 5 1 ) . G ( i 5 I ) .RJ ( 1 2 7 5 ) , A ( b l ) . R S ( 5 1 ) F A A ( 5 1 , S l ) .  
1 F F F ( 5  I  . 6  )  
COMM JN/ANG3/ !3E SRHS.  I  ERTH 
C]MMJN/AUX/WL,GW,HW,AA,0W.PI  
COMMON/AUXI /RS 
C U M M J N / A U X 2 / F F F  
C O M N U N  / D C G R A D / P I N i a O  
COMMON / C O E F / A,NTER 
RE AD (  5  .  1 0 )  WL ,  GWT H.V» A W .  BW .P I  
10 F O  RM AT {  5  F l  0.6*132 0 .  16)  
IERTH=0 
P I  N I  40= 1  ao.o/p I  
N M A X - 5 1  
K A = N M A X  
K A M I = K A - I  
K A D I A O = ( K A * K A M l ) / 2  
C A U L  F F ( L ) E S R H S )  
O O  3 0  L = l f N M A X  
N C A P P l = L  
C  
C  C O M P U T E  U  V A L U E S  U S I N G  S U B R O U T I N E  U M N  
C  
C A L L  U M N ( 1 , W , L )  
N 0 = 2 * L - 1  
W R I T E ( t , 1 0 0 ) N a  
W R I T E < 6 , 2 5 )  R S ( L )  
2 5  F O K M A T ( *  • . ' R l ( A L F A T A ) = • . G 2 0 . 1 2 )  
1 0 0  F O H M A T ( • 0 N =  « , 1 5 )  
C  
C  C O M P U T E  A  V A L U E S  U S I N G  S U B R O U T I N E  O R T H  
 ^ M 
C A L L  O R T H ( U , W , C , D , G , R J , A , N C A P P 1 , K A , K A M 1  «  K A D I  A G  »  U E S L H S •  I b R  )  O  
D O  2 0  L L = 1 # L  ^  
2 0  A A ( L , L L > = A ( L L )  
I F  (  I E R . E G . O . A N D .  l E R T H  . E a  . 0 ) G G  T O  3 0  
C  
C  C H E C K I N G  F O R  E K K O R S  U S I N G  3 U H K 0 U T I N Ë  E R R C H  
C  
C A L L  E R R O R { I t H , I E R T H )  
C  
C  P R I N T I N G  T H E  V A L U E S  O F  A  ,  B E b L H S  ,  U h S R H S  ,  N O R M A L I Z E D  b E S S E L  
C  I N E Q U A L I T Y  ,  F ( X )  ,  A N D  T H E  A P P R O X I M A T E D  V A L U E  O F  F < X )  
C  
3 0  C A L L  O U T P U T ( A . d E S L H S . B E S R H S , L )  
C  
C  T H E  F O L L O W I N G  P A R T  P R I N T S  T H E  T A H L E  O F  A  «  S  A N D  T H E  T A u L L  F O R  F N ( H >  
C  
M R I T E ( 6 . 2 0 0 )  
D O  4 0  K K = 1 , 1 6  
N J = 2 * K K - 1  
4 0  W R I T E ( 6 ,  3 0 U ) ; M Ù , (  A A {  K K . L L )  , L L = 1  . K K )  
D O  5 0  K K = 1 7 . 2 1  
N J = 2 * K K - 1  
5 0  W R I T E ( 6 . 3 0 0 ) N U  t ( A A <  K K . L L )  t L L =  I  . 1 6 )  
WHITS(6,201) 
D O  b O  K K = 1 7 . 2 I  
N O - 2 * K K - 1  
6 0  W R I T i l  ( 6 ,  3 0 0 )  N C , (  A A (  K K . L L )  , L L = 1  7 » K K )  
2 0 0  F O r J M A T  (  •  1  •  .  *  N  •  »  3  X  .  •  A  N  1  •  ,  5 X  ,  •  A N 3  •  .  5  X  ,  •  A  N 5  •  ,  5 X  ,  •  A N  7 *  »  5 X  »  •  A  N 9  •  .  5  X  ,  
l ' A N l l ' , 4 X , ' A N 1 3 ' , 4 X , « A N 1 5 ' , 4 X , * A N 1 7 ' , 4 X , * A N i y « , 4 X , ' A N 2  1 ' , 4 X ,  
2  •  A N 2 : 5 »  ,  4 X ,  •  A N 2 5 »  , 4 X , * A N 2 7 '  , 4 X , ' A N 2 9 * $ 4 X ,  •  A N 3  I  •  . / /  )  
2 0 1  F O R M A T ( * 1 * . '  N  •  . 2 X t • A N 3 3 •  « 4 X . • A N 3 5 •  . 4 X • • A N 3 7 •  . 4 X « • A N 3 9 *  »  4 X ,  • A N 4 1  «  
1  . / / )  
3 0 0  F ù S M ^ T ( I 3 « 1 6 F 8 . 4 )  
W R  I T 5 ( 6 , 4 0 0 )  
D O  8 0  K K = l . N M A X  ^  
N O = 2 * K K - l  O N  
8 0  W > ^ I T n < 6 , 4 0 1 ) N O . ( F F F ( K K . J ) . J  =  l . ( j )  
4  0 0  F 0 4 M A T ( ' l ' , '  N «  ,  5  X  »  •  ( -  N  (  W -  )  •  ,  5  X  •  •  F N  (  )  •  .  5 X  .  •  A V E R A G c  •  ,  5 X  ,  •  f - N  (  G - )  » .  
I  5 X  ,  • F N ( G  +  )  • »  5 X  ,  • A V E R A G E *  . / / )  
4 0 1  F O S M A T ( ' 0 ' , [ 3 , 6 F 1 1 . 4 )  
N T E K = N M A X  
C  
C  C A L C U L A T I N G  T H E  V A L U E S  O F  T h e  E O U I P O T E N T I A L  A N D  S T R E A M  F U N C T I O N S  
C  U S I N G  S U 3 M 0 U T I N E  P H I  P S  I  
C  
C A L L  P H I  P S I  
C  
C  D K A A '  T H E  F L O W  N E T ,  C A L C U L A T E  T H E  T I M E  F A C T O R  ( T * >  A N D  T H E  A M C U N T  
C  O F  F L U W  F A C T O R  ( 0 * )  U S I N G  S U u R O U T I N E S  P L O T .  G R A P H .  A N D  D R T M I  
C  
C A L L  P L O T  
500 
600 
C 
c 
c  
c  
c  
c  
c  
c  
c  
c  
c  
c  
c  
c  
c  
c  
c  
c  
c  
O— 0*0 
DJ 50 0 I=1.NMAX 
1 1 = 2 * 1 - 1  
QQ =A(  I  )*RS( I  ) *DSIN(  I  I*PI«AL/ (2#HA) )  
0=0+00 
Q=2*^I*AW*0 
WRITE(6.600)O 
F Q ^ M A T ( • 0 * » / / / » •  A M O U N T  O F  F L O W  F A C T O R  ( O * )  
STOP 
END 
* * ************  SUBROUTINES * * ************  
= ' , G 2 0 . 8 )  
SU3R0UTINU FF(BESRHS) 
THIS SUBROUTINE IS USED TO CALCULATE VESSEL'S RIGHT HAND SIDE 
INEOOALITY AS DESCRIBED RFY POWERS AND KIRKHAM 
SU3RJUTINE FF(BESRHS) 
IMPLICIT REAL *8  (A-H,0-Z)  
COMMQN/AUX/WLT GW ,A\% ,BW »P I  
3E3RHS=WL 
RE TU%N 
END 
SUBROUTINE UMN{U.W,L)  
M  C 
•n3 
THIS SUBROUTINE IS 
ARE NEEDCD FOR THD 
U S E D  T O  C A L C U L A T E  T H E  V A L U E S  O F  U  A N D  W  W H I C H  
O r ^ T H U G U N A L I Z A T I Q N  P R O C E D U R E  D E S C R I B E D  G V  P O W E R S  
c A N D  KldKHAN 
C  
S U 8 R 3 U T I N G  U M N ( U , W , L )  
I M P L I C I T  M E A L  * 8  ( A - H , 0 - Z )  
D I W E N S I U N  U ( 5 1 ) t M S ( 5 1 )  
C O M M U N / A O X / W L  »  G r t  t  H W , A *  • d W . P I  
C J M M J N / A U X 1 / W S  
I F ( L - 1  ) 5 . t ) . 7  
5  W H I T E ( 6 , 1 0 0 )  
H E  T U R N  
C  
C  C O M P U T E  U ( l # l )  A N D  W  U S I N G  S U Û R O U T  I N f c  R I  A L F A  
C  
6  C A L L  R l A L F A ( L t  R I  )  
A L F A = P I / ( 2 . 0 * H W )  
A L F A W = 2 . 0 * A L F A * W L  
A L F A G = 2 . 0 * A L F A * G d  
A L F A H = 2 . 0 * A L F A * H W  
U (  l  )  =  (  W L  • H W - G W  ) / 2 + (  O S  I N (  A L F A *  )  + D S  I  N  {  A L F A H  )  - U 5  I  N  (  A L F A G  )  ) / (  4 * A L F A )  
U ( 1 ) = U ( I ) + H d * H W * A L F A » A L F A * R l * W l * ( ( G W - W L > / 2 + O S I N ( A L F A G ) / ( 4 * A L F A ) -  ê  
I D S  I N (  A L F A  A ) / ( 4 * A L F A )  )  
W = 0 3  I  i \ {  A L F A #  W L  ) /  A L F  A  
H S ( 1 ) = R 1  
R E  r U R N  
7  M = ? * L - 1  
A L F A 4 = ( M * H I ) / ( 2 . 0 * H W )  
C  
C  C J v I P U T E  K l  ( A L F A M )  F O K  M > 1  
C  
C A L L  K I A L F A ( M , R 1 M )  
R S ( L ) = K 1 M  
C  
C  C J - 1 P ' J T t  w  A N D  U ( M , N )  W H E K E  M  A N D  N  A R E  E A C h  > 1  A N D  W H E R E  M < N  
C  
C O M M O N  / A U X l / R S  
C Q M M  J N / A U X ^ / F K F -
L M  l = l _ -  I  
O U  1 0  1 =  1  » L M  I  
N = 2 * I  - 1  
A L F A ^ = ( N * F I ) / ( 2 . 0 # H W )  
« I \ = R 5 (  I  )  
A M M A N  =  A L F A M - A L F A r j  
A M M A N W = A M M A N # A L  
A M M A N G = A M M A N V G W  
A M M A N H = A M M A N * H W  
A M P A M = A L F A M + A L F A N  
A M P A N W = A M P A N « w L  
A M P A N G = A V P A N * G *  
A M P A N H = A M P A N * H W  
AVMAN2=AMMAN*2.0 
A M P A ' J 2  =  A M P A N * 2  . 0  
U ( [ ) = 0 S I N ( A M W A N W ) / A W M A N 2 + D 5 I N ( A M P A N W ) / A M P A N 2  
U (  I  )  =  U  (  I  )  A L F A M * A L F A N * R l  M *  R 1  N *  ( O S  I N  (  A M M  A N G ) / A M M A N 2  +  D S I N ( A M P A  
I M G ) / A M P A N 2 - D 5 I N <  A 4 M A N W ) / A M M A N 2 - D S I N ( A V P A N W ) / A M P A N 2 )  ^  
U (  I  )  =  U (  I  )  + Û S  I N  ( A M M A N H  ) / A M M A N 2  +  D 3  I N ( A M P A N H )  / A M P  A i \ i 2 - O S  I  N  (  A M M  A N G  )  /  < §  
I A M M A M 2 - 0 S I N {  A M P A N G  » / A M P A N 2  
1 0  C O N T I N U É  
A L p A A ( 2 = r t L F A M * W L * 2  . 0  
A L F A G 2  =  A L F A M « G W « = 2  . 0  
A L F A H 2 = A L F A M • H W * 2 . 0  
c 
C  C O M P U T E  U ( M . N >  W H E d E  M = N  
C  
J ( L )  =  (  W L + h w - G w  ) / 2  .  0 +  (  L > S I N (  A L F A  W  2  )  + O S I N  (  A L F A H 2  ) - D S  I  N  {  A L  F  A  G 2  )  )  /  <  4 * A L  
I  F  A  y  )  
U (  L )  = U (  L  )  +  H W  * M W * A L F A M * A L F A M * R  I  M  #  1  M  *  (  <  O W  -  W L  >  / 2  (  O  S  I N  (  A L F  A G  2  )  - O  S  I  N  (  
1 A L F A V 2 ) ) / ( 4 * A L F A M ) )  
C  
C  C O M P O T E  M  
C  
X=Q3IN(ALFAM*WL)/ALKAM 
100 FÛ-JMAT( •  0 *  T  •  M  I S  E Q U A L  T O  0 » )  
R E T U R N  
E N O  
C  
C  
c 
C  S U B R O U T I N E  R I A L F A  
C  
C  T H I S  S U . - 3 R 0 U T I N F  C O M P U T E S  T H E  V A L U E S  O F  k  1  U S I N G  T H E .  M O D I F I E D  B E S S E L  
C  F U N C T I O N S  1 0 , I I , K O , K l . A T  X = A W  
C  
C  
C  D E S C 4 I P T I C N  O F  V A R I A B L E S :  
C  
C  M M . 3 S K 0 -  F U N C T I O N  T O  G E T  T H E  M O D I F I E D  B E S S E L  F U N C T I O N  , K O ,  I N  L C N G  
C  P R E C I S I O N  
C  M M r J S K l =  F U N C T I O N  T O  G E T  T H E  M O D I F I E D  O E S S E L  F U N C T I O N  K  1 ,  I N  L O N G  
C  P R E C I S I O N  
C YESIO = FUNCTION TO GET THE MODIFIED OESSEL FUNCTION 10,  IN LCNG 
C PRECISION 
C  3 5 3 1 1 =  F U N C T I O N  T O  G E T  T H E  M O D I F I E D  B E S S E L  F U N C T I O N  I I ,  I N  L O N G  
C  P R E C I S I O N  
C  
C  N O T E :  F O R  V A L U E S  O F  A L F A T B  G R E A T E R  T H A N  C T E  T H E  C O M P U T E R  G I V E S  
C  A N  O V E R F L O W  .  S O  W E  G E T  A  V E R Y  G O O D  A P P R O X I M A T I O N  B Y  U S I N G  :  
C  R 1 = A K I / A K 0  W H E N  T H E  A B O V E  S I T U A T I O N  E X I S T S .  
C  
S U B R O U T I N E  R l A L F A ( M , R l )  
I M P L I C I T  R E A L  * 6  ( A - H , 0 - Z )  
R E A L  *  d  M M 8 3 K 0 , M M H S K 1  
C O M M O N / A U X / ' A L ,  G W  , H W  ,  A W  , H W , P I  
A L F A = { P I * M ) / ( 2 . 0 * H W  )  
A L  F A T A  =  A L F A * A W  
A L F A T d = A L F A#aw 
I F ( A L F A T B . G E . 1 7 4 . 0 D O ) G O  T O  5  
• I O = 0 E S I 0 ( A L F A T O »  
A I g = d C 3 I 0 ( ALFATA) 
AI  l = a & S I  1 (ALFATA) 
A K  l  =  M M l j S K  1  (  I  « A L F A T A  ,  I E R 4 )  
B K O = M r ^ û S K O (  1  . A L F A T O .  I E R 5 )  
AI<0=MM3SK0(1 TALFATA» IER6)  
R l = ( h l I O « A K l + a K O * A I l  )  /  (  D I  0  #  A K O - B  K  0 *  A  I  0  )  
W R I T E ( 6 » 1 )  I E R 4 . I E R 5 . I E R 6  
I  F O R M A T C • 0 • » • C O D E  E R R O R S  F O R  d E S I  A N D  B E S K * , 6 I 3 )  
R E  T U - i N  
5  A K I  =  M M * J S K 1 < 2 . A L F A T A .  l E R l  )  
A K 0 = M M B S K 0 ( 2 . A L F A T A . I E H 2 )  
R 1 = A < I / A K O  
R E T U R N  
E N D  
C  
c  
C P 
c  S U . i R O U T l N E  U R T H  1 - j  
C  
C  T H I S  t j U c J R O U T l N h  I S  U S t D  T O  C O M P U T E  T H E  V A L U E S  O F  A ( M )  W H I C H  A R E  
C  N E E D E D  T O  A P P R O X I M A T E  T H E  F U N C T I O N  F ( X )  A S  D E S C R I B E D  3 Y  P O W E R S  A N D  
C  K I R K H A M ,  
C  
C  T H I S  S U B R O U T I N E  w A S  D E V E L O P E D  B Y  C H A R L E S  A .  B O A S T  I N  H I S  M . S C .  
C  T H E S I S  A T  I O W A  S T A T E  U N I V E R S I T Y .  I T  C A N  Û E  G b T A l N E D  F R O M  I O W A  
C  S T A T E  U N I V E R S I T Y  L I B R A R Y ,  A M E S  I C W A  b O O l l  A F T E R  G E T T I N G  P E R M I S S I O N  
C  F R O M  M R ,  B O A S T .  
C  
C  I N  T H I S  W O R K  L C N G  P R E C I S I O N  I S  U S E D  I N S T E A Û  O F  T H E  T H E  S I N G L E  
C  P R E C I S I O N  U S E D  J Y  C H A R L E S  B O A S T .  
C  
S U B R O U T I N E  O R T H l U . W . C . D . G . J . A . N C A P P l  . K A . K A M I . K A D I  A G .  
l ^ E S L H S . 1 E R )  
I M P L I C I T  W E A L  * 8  ( A - H , G - Z >  
q E A L * 8  J ( K A O I A G )  t J  T E M P  
D I M E N S I O N  U ( K A )  •  C { K A . M 1  )  ,  O  (  K  A  )  t  G  (  K A  )  ,  A  (  K A  )  
I F ( N C A P P l - l )  1 , 2 , 2  
1  I E 9 = 1  
H E  T U K N  
2  I K ( N C A P P 1 - K A )  4 , 4 , 3  
3  I  E  r ? =  2  
W E T U % N  
4  I F ( K A - l - K A M I )  5 , 6 , 5  
5  I Z H = 3  
HE TU'^ N 
6  I F  (  (  <  A * K >  A V I  ) / 2 - K  A D I  A G )  7 , 0 , 7  
7  I E P =  ' +  
f t t  T U H N  
a  C O N T I N U E  
1 EH=3 
N C A P  =  N C A P P l - 1  
N C A P M l  =  N C A P - 1  V - J  
I F ( N C A P M l )  1 0 , 2 0 , 3 0  
1 0  D ( 1 )  =  U ( l )  
G  (  1  )  =  A  
E  =  G ( 1 ) / D ( 1 )  
A (  I )  =  E  
U A N G  =  U ( 1 )  
D A N G  =  0 ( 1 )  
B E S L H S = e * t « D A N G  
C A L L  A N O L E S I D E S L H S , O A N G . U A N G , W ,  I E k  )  
4 E  T U ' < N  
20 c(i) = u ( 1 )/r>{ 1 ) 
0 ( 2 )  =  U ( 2 ) - C ( 1 ) * C ( 1 ) » D ( 1 )  
G (  ? )  =  d - C (  1  ) * G (  1  )  
Û  =  G ( 2 ) / 0 ( 2 )  
J (  1 )  =  C (  I  )  
A (  1 )  =  A (  l ) - c * J (  1  )  
A( 2)  =  E 
U A N G  =  U ( 2 )  
OANG =  D(2> 
OE3LHS = 0E3LHS + E*E»DANG 
CALL ANGLE S (  TJESLHS.  JANG,JANG, A ,  I  ETI )  
RÛ TURN 
30 C( 1 ) = U{1 )/ùi 1) 
NF J - o 
DO 120 N = 2,NCAP 
CTEMP = U(N) 
N "11 = N- I 
DO 110 NN = 1,NM1 
NF-3RJ = NFOWJ+1 
110 CTEMP = CTEMP-U(NN)*J(NFOSJ) 
120 C(N) = CTEMP/[)(N) 
OTEMP = U(NCAPP1) 
GTEMP - W 
00 140 N = 1,NCAP 
CTEMP = C(N) 
DTEMP = OTLMP-CTcMP*CTCMP*U(N) 
140 GTEMP = GTFMP-CTt"IP»G( N> 
D(NCAPPl) = DTEMP 
G(NCAPPl) = GTEMP 
E = GTEMP/OTEMP 
NSTA^T = 0 
DU 130 N = 1.NCAPMl 
JTEMP = C(\) 
NSTA4T = NSTART+N 
NFORJ = NSTA^T 
NPl = N+1 
00 170 NN = NPl,NCAP 
JTEMP = JTEMP-C<NN)«J(NFORJ ) 
170 NFOPJ = NFORJ+NN-l 
J(NF3HJ) = JTEMP 
180 A(N) = A(N)-E«JTEMP 
*uJ 
N F Û R J  =  N F O W J + l  
J ( N F J R J )  =  C ( N C A P )  
A ( N C A P >  =  A ( N C A P ) - E * J ( N F O R J )  
A ( N C A P P l )  =  E  
U A N Ù  =  U ( N C A P P l )  
D A N G  =  O ( N C A P H l )  
3 E S L H S  =  D E S L H S  +  E * E * D A N G  
C A L L  A N G L E S * W E S L H S , D A N G t U A N G . W , 1 E R )  
R E T U R N  
E N O  
C  
C  
c  
c  S U U R r j U T I N C  A N G L E S  
C  
C  T H I S  S U B R O U T I N E  C H E C K S  I F  T H E  C O N D I T I O N S  F C R  Q E S S E L ' S  I N E Q U A L I T Y  
C  A R E  S A T I S F I E D .  
C  
S U O R J U T I N E  A N G L C S (  L J E G L H S . O A N G .  U A N G  .  W .  l E R  >  [ l !  
I M P L I C I T  R E A L  * 0  ( A - H . O - Z )  - P "  
C O M M O N  / A N G S /  B E S R H S . I E R T H  
C O M M O N  / O E G R A O /  P I N i a O  
1 0 0 0  F O R M A T * *  8 E S S E L « * 3  I  N E Q , ; •  , 1 P D 2 2 . 1 5 . • < • ,  1 P D 2 2 . 1 5 ,  
1  » .  D ( N ) , U ( N , N ) , * ( N )  = • . 1 P 3 G 1 7 . 1 0 )  
2 0 0 0  F O R M A T * '  l E R T H  =  , 1 2 . * ,  1 E R  =  , 1 2 ,  
1 * ,  A N G d E S ,  A N G N E V »  ,  A N G T G O  =  •  .  0 P 3 F  1  5  .  1  O  )  
W R  I T t ( 6  ,  1 0 0 0  )  b &  S L H S , O E S R H S  , D A N G  , U A N G , W  
l E R T H  =  0  
I F ( D E S L H S . L T . O . 0 0 )  G O  T O  1 0  
I F  ( B E 5 L H S . G T  . t i E S R H S )  G O  T O  2 0  
A N G t i E S  =  D A R C U S *  D S Q R T  (  B E S L H S / 3 E f a f - % H S  )  ) * P I  N 1  a O  
I F ( D A N G . G T . U A N G )  G O  T O  3 0  
I F ( O A N G . L T . 0 . D O )  G O  T O  4 0  
A N G N C W  =  D A R C O S ( D S O R T (  1  . 0 0 - C A N G / U A N G ) ) V P  I N  1 8 0  
I F ( U A N G . L T . O . D O )  G O  T O  5 0  
10 
20 
3U 
4 0  
50 
60 
7 0  
C  
C  
C  
C  
C  
c  
c  
c  
1000 
1100 
1 2 0 0  
1 3 0 0  
A N G T ' j U  =  D S Q R T  ( B E 5 R H S * U A N G  )  
I F ( O A b S (  W  )  . G T . A N G T G U )  G O  T Û  6 0  
A N G T Ô Û  =  O A h { C O S (  W / A N G T G Q )  » P I N 1  H O  
G O  T O  7 0  
I E 3 T H  =  I H R T H  •  1  
l e - J T H  =  I E R T H  +  1  
I t R T H  =  I E R T H  +  1  
I - i ^ T H  =  I E R T H  +  1  
I c R T H  =  I E R T H  +  1  
I E R T H  =  I C R T H  +  1  
W R I T E ( 6 » 2 0 0 0 )  I E R T H , I E R . A N G B E S , A N G N E W , A N G T G Q  
R c T U l N  
E N D  
S U d R J U T I N C  E R R O R  
T H I S  S U d R C U T I N E  S T O P S  T H E  E X E C U T I O N  O F  T H E  P R O G R A M  W H E N  I E R T H  A N D  [ Z l  
1 E R  A R E  N U T  = 0  ^  
S U i R j U T I N E  E R R O R ( 1 E R , I E R T H )  
I M P L I C I T  R E A L  * 8  ( A - H , C - Z )  
F O R M A T ( / / / 5 0 X , • • * » * *  W  A  R  N  I  N  G  » * * * * « )  
F 0 R M A T ( / 1 0 X , « N O  F U R T H E R  C O M P U T A T I O N S  A R E  C A R R I E D  O U T " )  
F J R M A T ( 1  O X , • 3 E Y 0 N D  T H E  L A S T  V A L U k  C F  N  B E C A U S E  C F  E R R O R S . * )  
F U R M A T ( / 1 0 X , « T H E  E R R O R  P A R A M E T E R S  A R E  : ' )  
F O R M  \ T ( / / j O X , S H I E R  = , I  3 , 3 0 X , 7 H I E R T H  = , I 3 )  
W R  I T S ( 6 ,  1  0 0 0 )  
W R  I T £ ( 6 ,  1  1 0 0  )  
a R I T E { 6 ,  1 2 0 0  )  
W R I T Z C  6 ,  1 3 0 0 )  
W R I T T ( o , 2 0 0 0 )  l E R . I f c R T H  
S T O P  
END 
c 
c S U H R O U T I NE O U T P U T  
C  
C  T H I S  S U y R O U T I N E  P R I N T S  T H E  C O E F F I C I E N T S  A  A N D  T H E  V A L U E S  U F  T H E  
C  A P P R O X I M A T E D  F U N C T I O N S  A N O  T H E  E X A C T  V A L U E S  O F  T H E  F U N C T I O N  W H I C H  
C  I S  T O  O b  A T T A I N E D .  I T  A L S O  P P I  N T  S  T H E  L E F T  H A N D  S I D E  O F  T H E  
C  N O R M A L  I  Z E D  B E S S E L  I N E Q U A L I T Y .  
C  
C  X ( I ) =  A R R A Y  T H A T  C O N T A I N S  T H E  S -  C O O R D I N A T E S  b H E R E  S  L I E S  B E T W E E N  
C  Z E R O  A N D  H W  
C  Y ( I ) =  A R R A Y  T H A T  C O N T A I N S  T H E  A P P R O X I M A T E  V A L U E S  O F  F ( X )  
C  F ( I ) =  A R R A Y  T H A T  C O N T A I N S  T H E  E X A C T  V A L U E S  O F  F ( X )  
C  
3 U B R 0 U T 1 N E  O U T P U T ( A , B E S L H S . B E S k H S . M )  
I M P L I C I T  R E A L  * 8  ( A - H , 0 - Z )  
D I V E R S I O N  A ( b l  ) . R 3 < 5 1 )  , X ( 5 1 > . Y ( 5  I )  . F ( 5 1 )  . F F F ( 5 l » o )  
C O M M O N / A L X / W L  .  G W  »  H W i  .  A W  ,  B i «  .  P  I  ^  
c o\ 
c P R I N T  T H E  C O E F F I C I E N T S  A ' S  
C  
W R I T £ ( 6 . 5 0 0 ) < A ( K ) « K . =  1 , M |  
a E S N = d E S L H S / y C S R H 5  
C  
C  P R I N T  T H E  L E F T  H A N D  S I D E , N O R M A L I Z E D  B E S S E L  I N E Q U A L I T Y  
C  
W R I T E ( 6 .  I  0 0 0  ) O E S N  
C  
C  D I V I D E  T H t  D E P T H  I N T O  4 0  B I S E C T I O N S  A N D  F I N D  T H E  S - C U O R D I N A T E  S  
C  
N O  1 5  =  4 0  
N B I S P 1 = N 0 I S + I  
D E L T A H = H  W / N t 3  I  S  
X (  1  ) = 0 . 0  
Y (  1  ) = 0 . 0  
00 10 i=2tNaisPi 
Y (  I  ) = 0 . 0  
1 0  X ( n = X ( I - l i + O b L T A H  
OU 20 i = i,NyisPi 
I F  (  ( X (  I  ) . G T . W L ) . A N D . < X (  I )  . L T . G W )  ) G a  T U  1 5  
1 1  0 0  1 2  K = l t M  
K K - 2 * K - 1  
P I T X  =  P  I  * K K * X (  I  ) / <  2 . 0 * H W  )  
Y {  I  ) =  Y (  I  ) + A ( K ) *  O C O S ( P I T X >  
1 2  C O N T I N U E  
F (  I )  =  1  . 0  
I F ( X ( I ) , G E . G W ) F ( I ) = 0 . 0  
G O  T O  2 0  
15 DJ 17 K=1.M 
K K = 2 « K - 1  
P I T X = P I * K K * X ( I ) / { 2 . 0 * H W )  
Y ( I ) = Y ( I ) + A ( K ) * ( K K * P I / 2 . 0 ) * R S < K ) *  O C G S ( P I T X )  
1 7  C O N T I N U E  H  
F (  I ) = 0 . 0  
2 0  C O N T I N U E  
W H I T E ( 6 . 2 0 0 0  )  
W R I T E ( 6 . 3 0 0 0 ) (  X (  I  )  , F (  I  J . Y (  I  ),  I = 1  . N B I S P 1 )  
5 0 0  F 0 R M A T ( / 2 X » 5 H A » S  . 0 7 0 1 6 . 7 / ( »  • . 6 X , 0 7 D 1 6 . 7 ) )  
1 0 0 0  F O R M A T C / l 5 X . 2 7 H N U i ^ M A L I  Z t D  O E S S E L ' S  I N E O .  = « F 2 2 . 1 5 )  
2 0 0 0  F 0 R M 4 T ( / / 1 1 X , ) 4 H S  -  C O O R D  I N A T f e »  1 5 X , 1  O H  V A L U E  O F  F , I 5 X , 1 b H A P P .  V A L U E  
1  O F  F / )  
3 0 0 0  F O R M A T ( F 2 4 . 6 , F 2 5 . 6 , F 2 7 . 6 )  
C  
C  P K I N T  T H E  V A L U E S  O F  F F F ( N . Z )  F O R  Z =AL A N D  Z = G h .  
C  
F N I = 0 . 0  
F N 0 = 0 . 0  
F N 2 = 0 . 0  
F N  3 = 0  . 0  
D O  2 5  K = l , M  
KK=2*K-I 
P I T X = P I * K K * W L / ( 2 . 0 * H W )  
P I T G = P I * K K * G d / ( 2 * H W )  
F N l = r N l + A ( K ) * D C O S ( P I T X )  
F N 2 = F N 2 + A ( K _ * D C 0 S ( P I T X )  
F N 3 = f = N 3 + A ( K )  * ( K K * P I / 2 . 0 ) * R S ( K )  # O C O S ( P I T G )  
2 5  F N 0 = F N 0 4 - A (  K  )  » (  K K * P I / 2  .  0 )  • H S C K  )  • D C O S ( P I  T X  )  
F N A V = ( F N l + F N O ) / 2 . 0  
F F F ( M . 1 ) = F N l  
F F F ( 4 , 2 ) = F N 0  
F F F ( M , 3 ) = F N A V  
F F F ( M , 4 ) = F N 3  
F F F ( M , 5 ) = F N 2  
F F F ( 4 , 6 ) = ( F N ? + F N 3 ) / 2 . 0  
H E  T U R N  
E N D  
C  
C  
c  
C  S U O f t O U T I N E  N A T S I l  
C  
C  I T  I S  A  L C N G  P R E C I S I O N  S U O P R O G H A M  T H A T  C O M P U T E S  T H E  A P P R O X I M A T E  
C  V A L U E S  O F  T H E  M O D I F I E D  O E S S E L  F U N C T I O N  O F  T H E  F I R S T  K I N D  O F  C R D c R  O N E  
C  U S I N G  I 3 V  6 / 3 0 0  O R  S / 3 7 0  C O M P U T E R .  T H I S  S U B P R O G R A M  W A S  O B T A I N E D  
C  F R O M  T H E  A W G O N N E  N A T I O N A L  L A B O R A T O R Y ,  9 7 0 0  S O U T H  C A S S  A V E N U E »  
C  4 R G 0 N N E , I L L I N O I S  6 0 4 3 9 .  
C  
S U y R t J U T  I N F  N  A T S I  1  (  A R G .  R E S U L T .  J  I N T  >  
R E A L  * 6  A , A R G . a , C O N S T . D E X P 4  0 . F C N ( 2 ) , P ( 1 5  ) . P D A R . P P {  8 ) , 0 ( 5 ) , 0 0 ( 6 ) ,  
1  R E S U L T . S U M P , S U M Q , X , X I N F , X M A X , X S M A L L , X X . X M I N  
R E A L  D A i 3 S , L » E X P , 0 S 0 R T  
I N T E G E R  J  ,  J K , J  I N T , I F C N  
O A  T A  X M A X / Z 4  2 D 2 2 F 8 0 4  9 1 Ô 2 4 7 8 / , D E X P 4 0 / Z 4 F 3 4 4 4 1 A 7 2 F 2 E 5 0 5 /  
D A T A  X S M A L L / Z 3 3 1 0 0 0 0 0 0 0 0 0 0 0 0 0 / , F C N / b H B E S I 1  , 6 H B E S t I  1 / , I F C N / 9 /  
c  
c  
D A  T A  X I N F / 2  7 F F F F F F F F F F F F F F F / # C U N S T / Z 4 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 /  
D A  T A  X M I N / Z U 0 2 0 0 0 0 0 0 0 0 0 0 0 0 0 /  
D A T A  P / Z d 1 3 A ^ r t E 5 C 4 5  3 a F 9 0 , Z 8 4 2 F 0 3 A C 5 C 0 6 H 1 4 1  , Z û 7 1 4 F C 3 F d 9 9 f  5 D 9 1  .  
1 ZB96£JEC90 2 7 7FCFF6.ZDC16G7F5 9935C261 .ZQC3C20 7FDC0530 52 * 
2  Z C 0 7 3 D 9 A 3  9 c l 6 0 0 D ô l »  Z C 2 Q t 4  2  6 C 6 2  7 0 1 Û 6 6 . Z C 4 C A B 6 1 7 8 C 2 7 0 C O F  *  
i  Z C b A l  9 1  b n a ^ d A  7 t 3 E 3 »  Z C 3 5 Û 6 2  2 4  0 d A 9 4 6  C D  .  Z C  A  1  F  1  9 A 7 3 D 7 b C  1  4 3  $  
4  Z C H b 5 A F 2 1 0 l A O l 0 2 b t  Z C C A 1 4 5 9 C 2 A 9 B E b F 0 . Z C D 5 2 U C 9 6 D 3 b O 5 C A 6 /  
D A T A  a / Z C 3 F A 7 A F B C 5 D C 0 9  9 d , Z 4 ô 7 2 2 6 e 2  0 9 2 1 5 F E A , Z C 9  1 D D 3 1 2 1 9 B D C A A 8 .  
1  Z 4 û 4 6 A 4 5 0 - 3  7 F 2 3 5 C 0 t  2 0 0 4 3 2 2  F  7  6 A  7 ô  7 7  0 0  /  
D A T A  P P / Z B F F 7 d C F 4  5 9 3 F t t 8 a i  *  2 4 0  7 5  1 D 7 D 6 5 2 C O 3 7 D . Z C 0 6 D A E l 7 5 0 D F 1 4 F 2 ,  
1  Z 4  0 1 a t C 5 2 A 4 B 7 A 9 6 c  »  Z B E D 4 H  7 0  6 4 C 1 B 5 C 1 4 , Z H £ 1 7 D A 1 C B 7 7 8 3  9 E 0 .  
2  Z 3 D 1  1 0 C 6 ô J C 6 7 t l F û C t Z Q B b l 9 1 0 D 9 D 9 6 9 0 0 1 /  
D A  T A  0 0 /  2 C 1  3 £ 1  7 2  D 9 C  3 D H E t 3 7  .  Z 4 1 3 4 2  f c 6  2 3 7 E 5 B 3 1  0  .  Z  C  0 D 9  A  5 0 D A 9 F  A C E  1  9  .  
1 Z  
D A  T A  P  Û A R  
X  =  D A 3 S  (  A R  
I F  ( X . L  T . X  
I F  (  (  J  I  N T  .  
I F  ( X  .  G  E .  1  
X S  M A L L  L C  
X X  = X * X  
T O  2 0 0  . _ j  
)  . ( X . G T . X M A X )  ) G G  T O  2 2 0  M  VO 
T O  1  0 0  
C  
C  A B S ( A R G )  L T  1 5 . 0  
C  
S U M P  =  P ( 1  )  
D O  5 0  J = 2 , 1 5  
S U 4 P = 5 U M P * X X + P ( J )  
5 0  C O N T I N U E  
X X = X X - 2 2 5 . 0 û 0  
5 U W Û = ( ( ( ( X X * U ( l ) ) * X X + 0 < 2 ) )  * X X + 0 ( 3 ) ) * X X + 0 ( 4 ) ) « X X + 0 ( 5 )  
R E S U L T = (  S U . M P / S U M Q  )  * X  
I F ( J I N T . E C . 2 ) R L S U L T = A C S U L T * D E X P ( - X )  
G O  T J  3 0  0  
c 15.0 Lt A t 3 3 ( A R o )  
C 
1 0 0  X X = 1 . O D O / X - C O N S T  
S U M P = ( < (  (  ( ( P P (  1 ) * X X » P P ( 2 )  ) * X X  +  P P ( 3 )  ) * X X + P P ( 4 )  ) » X X  + P P ( 5 ) ) * X X  +  
1  P P ( 6 ) ) * X X + P P ( 7 ) ) * X X + P P ( 6 )  
S U M Q = (  (  (  (  ( X X  + 0 0 {  1  )  ) * X X + U Q { 2  )  )«XX + U 0 ( 3 )  ) * X X + Q û ( 4 ) ) * X X  +  
1  U U < 5 ))*XX+00(6 )  
R F : S U L T  =  ' ô U M P / 3 U M Q  
I F ( J I N T , t G . l ) G O  T O  I I O  
R E  3 U t _ T =  (  N E S U L T + P d A R  ) / D S Q - e T (  X  )  
G ( J  T ' J  3 0  0  
C 
C  C A L C U L A T I O N  d & F U R V U L A T E D  T O  P R E C E R V E  A C C U R A C Y  U N  I B M  
C  E Q U I P M E N T  A N D  T O  A V U I L )  O V E R F L O W  
C  
1 1 0  I F ( X . G T , 1 7  0 . 0 0 0 ) G Û  T O  1 2 0  
A = O E X P ( X  )  
8 = 1 . 0 0 0  
G O  T O  1 2 5  
1 2 0  A = 1 3 Ë X P (  X - 4 0 . 0 0 0  )  N  
a= 0 E X P 4 0  °  
1 2 6  R E  5 U L  T =  <  (  R E S U L  T *  A I - P B A R  » A )  /  O S Q R T  (  X  )  )  
G O  T O  3 0  0  
C 
C  R E T U R N  F O R  A B S ( A R G )  
2 0 0  I F ( X . L T . X M I N i X = 0 . O D O  
R E S U L T = 0 . 5 D 0 * X  
G O  T O  3 0  0  
2 2 0  R E S U L T = X I N F  
J K  =  1  
C A L L  F C . N . M C N (  I F C N  , J K  . F C N ( J  I N T  > ,  A R G .  R E S U L T  >  
3 0  0  I F ( A R G . L E . - X M I N )  R E  3 U L  T = - " R E S U L  T  
R E T U Î N  
E N D  
C 
c  
F U N C T  I  J N  3 d S  I  1  ( X  )  
C  
C  F U N C T I O N  T O  C O M P U T E  I 1 ( X )  
C  
R E A L  * 3  B E S I l . X , R E S U L T  
I N T E G E R  J  I  N T  
J  I N T =  1  
C A L L  N A T S  I I ( X , R E S U L T , J  I N T )  
J E  S I  1  = r < e  S U L T  
R E  T U 4 N  
E N D  
C  
c  
F U N C T I O N  d E S E I l ( X )  
C  
C  F U N C T I O N  T O  C O M P U T E  E X P ( - A B S ( X )  ) *  I  I ( X )  
C  
R c A L  * H  B E  S E  I I  , X  .  R E S U L T  
I N T E G E R  J  I  N T  W  
J  I N T  =  2  
C A L L  N A T S  I  1 ( X , R E S U L T , J  I N T )  
d E 3 E I  1 = R E 3 U L T  
R E  T U R N  
E N O  
C  
C  
c  
C  S U B R O U T I N E  N A T S I O  
C  
C  I T  1 5  A  L C N C J  P R E C I S I O N  S U B P R O G R A M  T H A T  C O M P U T E S  T H E  A P P R O X I M A T E  
C  V A L U E S  3 F  T H E  M O O I F I E D  3 E 3 5 E L  F U N C T I O N  O F  T H F .  F I R S T  K I N D  O F  C R D E K  Z E R O  
C  U S I N G  I J M  6 / 3 6 0  O R  S / 3 7 0  C O M P U T E R .  T H I S  S U H P K O G R A M  W A S  O B T A I N E D  
C  F R C M  T H E  A R G O N N E  N A T I O N A L  L A B O R A T O R Y ,  9 7 0 0  S O U T H  C A S S  A V E N U E ,  
C  A R G O N N E ,  I L L I N O I S  6 0 4 3 9 .  
SU.ÏJR JUT I  NIL N AT SI  0  (  AHG, RESULT,  J  INT)  
r ^ E A L  * a  A ,  A k  G .  t 5 ,  C r j N S T  .  D E X P 4 0 , F C N ( 2  )  .  P (  1 5  )  » P M (  6 )  . Q  (  b >  , 0 Q (  7 )  .  
RESULT,SUMP,SUMQTX ,XINF,XMAX,X SMALL,XX 
REAL *A DAI3S ,  DEXP ,  DSÛR T 
INTEGER I  ,  JK ,  J INT ,  IKCN 
O A  T A  X y A X / Z 4 2 w 2 2 E C 7 5 j 5 4 0 E d 3 / , U E X P 4 0 / Z 4 F 3 4 4 4 1 A 7 2 F 2 E 5 U 5 /  
D A T A  X  S M A L L / Z 3 3 1 0 0 0 0 Û 0 0 0 0 0 0 0 0 / , F C N / 5HBES I  0 ,ÔHÛEST 1 0 / ,  I F C N / B /  
D A  T A  X I N F / Z 7 F F F F F F F F F F F F F F F / , C C N S T / Z 4 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 /  
C O E F F I C I E N T S  F O R  X S M A L L . L E .  A B S ( A R G )  . L T .  1 5 . 0  
) A T A  P / Z B 2 t > 0 L ) 2 A D Ô f " 5 4 A 3  5 4 r t ,  Z a 5 4  7 F  A 3 &  1 2 Q C  7 4 C 2  ,  Z B d  1  0 8 3  C 1  b c D B 4 C  0 4  ,  
Z ù A B J 1 2  0 7 C E 0 A 6 y 1 5 , Z r i O l A 6 5 3 A 4 3 F 3 5 5 5 9 , Z B F 3 F 4 C A 9 F E F E 9 9 C A  *  
Z C l 7 1 7F I b V i A Q l O lB ,ZC396Ca4C0375CC0 3 , Z C 5 9 l ô 0 0 0 F F 7 9 1 D t 5 .  
Z C  7 6 2  5 A 6 0  9 C E a 0  7 C 4 ,  Z C 9 2 C Ô 0 E 0  5 C A 9 6 3 9 D  , Z C A C 5 3 D 4 A 0 A 3 F : a A 4 A  ,  
Z C C 1 0 F 5 7 6 9 E A 4 C D 7 F , Z C D 1 F 4 A E 1 7 4 B 1 1 F « F , Z C O 7 E F 6 â A 6 6 D E 7 6 F A /  
D A T A  0 / Z C 3 E 0 F C  1 7  1  8 9  2 H C 3 E  ,  Z  ^ * 6 6  3  6 C  d 9  7 5 6 0  A t >  2 0  ,  Z C  9  1  « 7 2  A 2  H F  E  A  7 3  £ ' 0  ,  
Z 4 d 3 6 ' 3 8 A 5 D 3 E 9  0  9 7 1  ,  Z C P 3  7  3 0  2 0 9 Û 3 C 3 3 8 9 /  
C O E F F I C I E N T S  F O R  1 5 . 0  . L E .  A B S ( A R G )  
D A T A  P P / Z C 0 6 6 0  0 0  0 0 0  0 0 0 0 0 J , Z 4 1 2 E b A f l 6 1 0 0 C b 7 2 7 , Z C I  2 7 d 8 9 b D 7 9 6 0  5 0 7  
Z 4 0  7 A A 9 7 A B C 7 3 1 D E F , Z B E F 5 0 1 4 4 1  A C 6 9 5 A 6 , Z Û E A F A 5 7 1  0 0 F 3 0 F 3 3 ,  
Z 3 u 6 7 F C 6 2  7 o D A 5 4 F 5 , Z B C 2 4 H 4  2 6 E 9 F H 4  0  3 4 /  
DATA QU / Z C 2 1 F 7 2 5 A 1 E C 2 F 0 0 C ,  Z 4 2  5  5 6  A  1  F  A E 3 2 b 4  C 5 5  ,  Z C  2 3 C  3  A 5 C O C D F F 7 E 9  
Z  4  1 D F d 3 A C D 3 C 9 0 4 d 4 , Z C l 1  1 0 7 C I 9 F F A 4 0 3 9 • Z 3 F 8 5 5 0 0 5 2 Û 9 3 D Ô F F ,  
Z J b 2 4 2 C 1 3 A 5 6 D B 8 6 1 /  
X = O A J S ( A R C )  
I F ( X . L T . X S M A L L ) G 0  T O  2 0 0  
I F ( ( J  I N T .EQ.  1 )  . A N D . ( X . G T . X M A X )  ) G 0  T O  2 2 0  
1  F ( X . G E . I  5 . O O O ) G 0  T O  1 0 0  
c X 3 . V A L L  L E  A t i S ( A W G )  L T  15.0 
X X = X * X  
5UVH=H(1) 
D'J 5 0  [  =  2 , 1 5  
S U M P  =  S U . M P * X X 4 P  (  I  )
5 0  C O N T I N U E  
X X = X X - 2 2 5 . 0 D 0  
S U  . 1 0 =  (  (  (  (  X X  +  U (  l ) ) * X X  +  0 ( 2 ) )  * X X  +  a (  3 ) ) * X X + 0 ( 4 ) ) * X X  +  Q ( 5 )  
K E S U L  T = 3 U M P / 3 U M Q  
I F ( J I N T , c G . 2 ) R C 5 U L T = R c S U L T * D E X P ( - X )  
G O  T O  J O O  
C  
C  1 5  L E  A d S ( A R G >  
C  
1 0 0  X X = 1 . O O O / X - C J N S T  
S U M P = { ( ( ( ( { P P ( 1 ) * X X + P P ( 2 ) ) * X X + P P ( 3 ) ) * X X + P P ( 4 ) ) * X X + P P ( 5 ) ) * X X +  
1  P P ( 6 ) ) * X X + P P < 7 ) ) * X X + P P ( 8 >  
su . v i a  =  (  (  (  (  (  ( x x + Q O  <  1  )  )  * x x + a 3 (  2 )  )  * x x + ( i a ( 3  )  )  • x x + o o  ( 4 )  )  * x x  +  
1  Q u ( 5 ) j * x x + u û ( 6 ) ) * x x + u a ( 7 )  
R E S U L T  =  a U M P / S U M U  
I F ( J I  N T . E G . l  ) G 0  T G  1 1 0  
R E S U L T = ( R E S U L T - P P ( 1 ) ) / D S Q R T ( X )  
G J  T O  3 0 0  
C  
C  C A L C U L A T I O N  R E F ' J K M U L A  T E O  T O  P R E S E R V E  A C C U R A C Y  O N  I H M  
C  E Q U I P M E N T  A N D  T O  A V O I D  P R E M A T U R A  O V E R F L O W  
C  
110 I F ( X .GT,170.0D0)GO TU 120 
A = O E X P ( X  )  
•  =  l . J D O  
G O  T O  1 2  5  
1 2 0  A = ( ) E X P ( X - 4 0 . 0 D 0 )  
B = 0 E X P 4 0  
125 i E S U L T = ( ( RRSULT*A-PP(1)*A ) / O S Q R T (X) )»0 
GO TO 300 
c 
c  R E T U R N  F C R  A H S ( A R C )  , L T « S M A L L  
C  
2 0 0  R E 3 U L T = l . 0 D 0  
G O  T O  3 0 0  
C  
C  E R R O R  R E T U R N  F U R  A O S ( A R G ) . G T .  X M A X  
C  
2 2 0  « E S U L T = X I N F  
J K  =  l  
C  
C  U P D A T E  E R R O R  C O U N T S  E T C  
C 
C A L L  F C N M O N (  I F C N . J K , F C N ( J I N T ) . A K G t  R E S U L T )  
3 0  0  R E T U R N  
E N O  
C  
C  
F U N C T I O N  B E S I O ( X )  M  
C 
C  F U N C T I O N  T O  C O M P U T E  I O < X )  
C  
R E A L  * a  a E S I 0 , X , R E S U L T  
I N T E G E R  J I N T  
J  1  N T  =  I  
C A L L  N A T S  1 0 ( X , R E S U L T t J I N T )  
H E S I O = R E S U L T  
R E T U R N  
E N D  
C  
C  
F U N C T I O N  l i E S c I O ( X )  
C  
F U N C T I O N  T O  C O M P U T E  E X P ( - A B S { X )  )  •  I  O ( X )  
C  
R E A L  * 8  O E S C 1 0 , X , R E S U L T  
I N T E G E R  J I N T  
J I N T = 2  
C A L L  N A T S I O ( X , R E S U L T , J  I N T )  
a £ 3 E  I  0  =  r î E S U L T  
R E  r u ^ N  
E N D  
C  
C  
c  
C  S U U R O U T I N E  P H I  P S  I  
C  
C  T H I S  S U B R O U T I N E .  C O M P U T E S  T H E  N O R M A L I Z E D  V A L U E S  O F  T H E  E O U I P O T E N T l A L  
C  A N  C  S T R E A M  F U N C T I O N S  I N  T H E  F L O W  R E G I O N  I N  A  G R I D  
C  
C  .  
C  O E S C I P T I Q N  O F  T H E  V A R I A B L E S :  
C  
C  P H I =  E O U I P O T E N T  I A L  F U N C T I O N  
C  P 5 I =  T H E  S T R E A M  F U N C T I O N  
C  P H I l ( I , L ) =  A N  A R R A Y  T H A T  C O N T A I N S  T H E  N O R M A L I Z E D  
C  P H I  A T  C U O R O I N A T E 3 ( X ( I ) , Y ( I ) )  I N  T H E  F L O W  R E G I O N  
C  P 5 I 1 ( I , L ) =  A N  A R R A Y  T H A T  C O N T A I N S  T H E  N O R M A L I Z E D  
C  P S  I  A T  C O O R O I N A T E S ( X (  I  )  , Y (  I  )  )  I N  T H E  F L O W  R E G I O N  
C  N T E R = N U M h J Z K  O F  T E R M S  U S E D  T O  C O M P U T E  T H E  P H I  A N D  
C  N - ) I S =  N U M B E R  O F  B I S E C T I O N S  
C  
S U O R T U T I N E  P H I P S I  
I M P L I C I T  R E A L  * 8 ( A - H , 0 - Z J  
D I M E N S I O N  A ( - J I  ) ,  R  3  {  b  I  ) ,  P H  I  I  (  I  3  ,  1  3  ) ,  P  S I  1 ( 1 3 . 1 3 )  
C O M M O N / A U X l / R S  
C 0 M M O N / C O E F / A , N T E R  
C O M M O N / A U X / W L  ,  O W  ,  H W  ,  A W  , d A /  ,  P  I  
N B  I S  =  1  ? .  
N 3  I S  1 = N 0  I  S  +  1  
ro 
V A L U E S  O F  
V A L U E S  O F  
P S  I  F U N C T I O N S  
O E L T A X = ( M W - A * ) / N U I S  
O C L T A Y  =  H * / N a I  S  
X =  A W  
Y  =  H W  
D O  1 0  1 = 1 . N U I  S I  
D O  5  J = 1 , N d l 5 1  
P H I  1  (  I  , J ) = P H I ( X , Y )  
P S  I I  ( I , J  ) = P S I  ( X , Y )  
X = X + C E L T A X  
5  C O N T I N U E  
Y = Y - O E L T A Y  
X  =  A W  
1 0  C O N T I N U E  
W R  I T F ( 6 ,  1 0 1  )  
D O  I f )  I  =  1  .  N B  I  S  1  
1 5  W W I T E ( Ô ,  1 0 0 )  ( P H I  1 ( 1 , J ) , J = l , 7 )  
W v ^ I T E ( 6 ,  1 0 3 )  
D O  2 5  1 =  1  , N 1 3  I  S I  
2  5  W R  I T = ( 6 ,  1 0 0 )  ( P H I  1  (  I  . J )  .  J  =  y  . N a i  3 1  )  
W R I T : ( 6 , 1 0 2 )  
o j  2 0  i = i , N a i s i  
2 0  W t M T  =  (  6 ,  1  0 0  )  ( P S I  1  (  I  «  J  )  .  J = 1  »  7 )  
W i ?  I  T E  (  o  #  1  0 3 )  
D O  3  0  I = 1 , N B I S 1  
3 0  W R I T E ( 6 .  1 0 0 )  ( P S I 1  ( I  . J )  .  J  =  9 . N H I  S I  )  
100 FJKMAT(*0*,rGlU.6) 
1 0 1  F U 3 M A T ( « l ' , 1 0 X , ' P H l  V A L U E S ' , / )  
1 0 2  F J H W A T ( •  1  '  , 1  O X , • P S I  V A L U E S ' , / )  
1 0 3  F O R M A T ( • I • )  
R E T U  ; N  
E N D  
C  
C  
C  
C  F U N C T I O N  P H I  
H 
N OS 
c 
c  T H I S  F U N C T I O N  E V A L U A T E S  T H E  N O R M A L I Z t U  E O U  I P Û T E N T I  A L  F U N C T I O N  A T  
C  A  P O I N T  ( X , Y )  
C  
C  . V K =  T H e .  H Y O h i A U L I C  C O N D U C T I V I T Y  O F  T H E  F L O W  R E G I O N  
C  
F U N C T I O N  P H I  ( X  , Y  )  
I M P L I C I T  h f c A L  ( A - H . O - Z )  
D I M E N S I O N  A ( 5 1  )  
C O M M O N / C O E F / A , N T t R  
C O M M D N / A U X / V i L t  G W  t H W . A W  , O W , P I  
W K = 1  .  0  
P H  1  =  1  . 0  
O U  1 0  I = 1 , N T E H  
M P = 2 * I - l  
C A L L  R O A L F A I M P , X . K O • A L F A )  
P H I = ^ H I - A ( I ) * W O * D C U S ( A L F A * Y )  
1 0  C O N T I N U É  
P H I  =  W K # P H I  
R E T U I N  
E N D  
C  
c  
c  
C  F U N C T I O N  P S I  
C  
C  T H I S  F o N C T I U N  E V A L U A T E S  T H E  N O R M A L I Z E D  S T R E A M  F U N C T I O N  A T  A  P U I N T ( X , Y )  
C  
C  P S  1 2 =  T h e  V A L U c  OF P 5 I  A T  P O I N T ( A W , G w )  
C  R 1 A L F X =  V A L U t  O F  R 1  A S  D E F I N E D  I N  S U B R O U T I N E  W I A L F X  
C  
F U N C T I O N  P S I ( X , Y )  
I M P L I C I T  R E A L  *5 ( A - H , C - Z )  
D I M E N S I O N  A ( 5 1 ) , H S ( 5 1 )  
C O M M O N / C O E F / A , N T E R  
C J M M O N / A U X / W L  t  G W  ,  H w  . A W  , H v V  . P I  
C O M M i J N / A U X l / i l S  
P S  I I = 0  . 0  
P S  1 2 = 0 . 0  
D i )  1 0  I = 1 , N T E R  
M P = 2 * I - 1  
C A L L  R 1 A L F X ( M P . X . R l . A L F A )  
P 3  1 1  = P S  I  1 + X A A (  I  ) * « !  * 1 ) 5  I  N (  A L F A *  Y  )  
P 5  I 2 = P S I 2  +  A w * A ( I  ) * R S (  I  ) * Û S I N ( A L F  A * G W )  
1 0  C O N T I N U S  
P S  I  =  P S I I / P S I 2  
R C T U 4 N  
E N D  
C  
c  
c  
c SUeWOUTlNE K O A L F A  
C  
C  T H I S  S U d R C U T I N F  I S  U S E D  T J  C O M P U T E  T H E  V A L U c S  O F  RO A T  k  =  X X  H Y  T H E  
C  U S E  3 F  M C O I F I E O  d E S S E L  F U N C T I O N S .  1 0  A N D  K O  0 0  
C  
C  C T E =  C O N S T A N T ;  I N  T H I S  C A S E  I T  I S  E U U A L  T U  4 0 . 0 0  B E C A U S E  T H E  C O M P U T E R  
C  G I V E S  A N  C V E r i F L O . V  F O R  V A L U E S  G R E A T E R  T H A N  4 0 . 0 0  
C  
S U B R O U T I N E  K 0 A L F A ( M P , X X . R O . A L F A )  
I M P L I C I T  R E A L  *ti ( A - H . O - Z )  
R E A L  * a  W H S K O  
C O M M T N / A L X / W L  .  G W  .  M . V  . A W  . Q W  .  P  I  
C T E = 4 0 . 0 0 0  
A L F A = P I * M P / ( 2 . 0 « H 4 )  
X T C P = A L F A « a W  
A L F A T A = A L F A * A W  
A L F A T X = A L F A # X X  
A L F A T O = A L F A « d . V  
I F ( X T O P . G E . C T E ) G O  T O  5  
3 1  0 = H f c : S  I  o  {  A L F A T t l  )  
A I 0 = j e S I 0 < A L F A T A )  
X I  0 = r j e 3  1 0  (  A L r A T X  )  
A K O = M M . j S K O (  1  . A L F A T A .  l E R l  )  
J K 0 = M M d 3 K 0 (  1  ,  A L F A T d ,  I c . K 2 )  
X K 0 = M M B 5 K 0 {  1  . A L F A T X  «  I t R . 3  )  
M 0  =  {  I  0 * X K 0 - . J K 0 « X  1 0  )  /  (  B l O a  A K O - O K O *  A  1 0  )  
1  F O R M A T ( ' G » » • C O D E  E W H O W S  F O R  B C S K  / ' , 3 I 4 )  
RETURN 
5  I F  ( X X , E Q  . U W ) G O  T O  1 0  
I F  ( A L F A T X  . G E  . C T D  G O  T O  1 0  
X K  0 = M M a 3 K 0 (  1  . A L F A T X ,  I C H I )  
A i < 0 = ' 1 M c } S K 0 (  1  . A L F A T A ,  I C R  2 )  
RO - X K .O / A K O  
R E  T U  m  
10 RO=O.OUO 
R E  T U T N  
E N D  
C ^  
C S'JGRIDUTINT RIALFX 
C 
C THIS BUSROUTINC COMPUTES THE VALUES OF RL USING THE MODIFIED 
C 3ESSEL FUNCTIONS.10. I I ,KO.K1 AT R=XX 
C 
3UI3KOUT I  NE R  1 ALF X(  MP,  XX,  R l  ,  ALFA )  
IMPLICIT REAL *8  (A-H.O-Z)  
REAL *F3 MMBSKO .MM'JSK 1  
COMMUN/AUX/WL «GK.HW.AW.DW.PI  
CTE=4U.OOO 
ALFA =  HI  *MP/(  2 .  0*HA' )  
XTCP=ALFA»OW 
ALFATA=ALFA#AW 
ALFATD=ALFA*JW 
ALFATX=ALFA*XX 
n o n o n n n o n n n o n n n o  yi ^ 
c • > < H 05 • m ZI X X X > X M _ X -n X a X > X > D M# 
CI • z > I C • Z m •- m »- 7. n •n m o >-• A A Mm M Tl 
ir< • n r W a • w H II H II C H X II O «-• c o O O . a % m -t c V> V • C o C X II II X C 2 II II II II II II X %, . II -1 r. o • » • t: i > X X > OJ 2 LW a J. -t 
II II tn c Z c Z »- z 2 r e z H 1— 2 S 2 m rr n O 
"0 • > f!I C H • c s a 11' n m C U CJ a (/' ir. ir< •U 
H • z I H -1 G c, c > ir > D » * i/) V- (r M w »— « 
o -< O » > n Z' Z • A T: • O X T A A •— c o o 
n • o H * 7: c rp • o O «— X C' * O 9^ o n 
2 • t x> > -n G -4 c « £ « •- > > > • 
7: > r » C • H T) • <r. • + «— •- r r r o 
C • c a Z r • • # rr, O a » • « T) T -n -t 
•n . > r •c ti H > Z a • > > • C: o 7: > > > > > > m 
w 1 c * (/; Z m H • r r o C o c r r r -( H H w 
< • n zo * O •n •n -t n * T1 -n T, X > 3 Ci 
> • s c i\i C > > m H X > > > o 
z • m Z b'< •n D o< H H w O rr #— -t H H 
X m N • > X X 1— X X > H 
> • m > H c c • • o •- X w « « « C 
X • o < > »; en «-I o G c N M# M 
r • c -4 I IT m n; X n T m 0". 
ni • m o * m w O X X H en n X X X 
in • -n M I X o rj — o M ro u 
-n X H TI C w 
z T •n C •» u * 
m IT' > r > o X > 
o Xi Z o n •D T: 
• IT C £ m r c o 
• CD Z o rr 1 
• n o « Z H (/•< es 
-n m c C rn X T; 
• o II m H • o 
• 3 ** o I • M * 
• n n H m m • 7 > 
• O c 
* £ -n o 
s > H r « 
T) C r « 
* O ï U 
X a> o 
• * > 7 4> 
• a -4 r rr 
• » I o H 
fr. c • 
r > • 
f > Z « 
rr -t o # 
r m 
r H 
H O 
s 7. 
T > •n 
m < 
71 m z 
m r o 
t. 
-4 o 
rm c S H 
m 
(/) 
-4 
X 
m 
OCT 
c 
c N P T S  =  N U M B E R  O F  P O I N T S  U S E D  T O  P L O T  A N  F Q U I  P O T E N T  I  A L  O R  A  
C  S T R E A M L I N E  
C  X L  =  L A Û E L  F O H  T H E  H O R I Z O N T A L  A X I S  
C  Y L  =  L A d C L  F O O  T H E  V E R T I C A L  A X I S  
C  G L  =  L A B E L  F O R  G R A P H  I D E N T I F I C A T I O N  
C  D L  =  L A B E L  T O  I D E N T I F Y  T H E  D A T A  S E T  
c NOTE:  THE ABOVE ARRAYS ARE REQUIRED HY THE SIMPLOTTER 
C XSIZC =  T H t  LENGTH OF T H E  I - IGRIZONTAL AXIS IN INCHES 
C YSI2E = THE LENGTH OF THE VERTICAL AXIS IN INCHES 
C  S X X ( I )  =  S I N G L E  P R E C I S I O N  A R R A Y  T H A T  C O N T A I N S  T H E  V A L U E S  O F  T H E  
C  X ( I )  C O O R D I N A T E S  A L O N G  A  S T R E A M L I N E  O R  A N  t Q U 1 P O T E N T I A L  L I N E  
C  S Y Y ( I )  =  S I N G L E  P R E C I S I O N  A R R A Y  T H A T  C O N T A I N S  T H E  V A L U E S  O F  T H E  
C  Y ( I )  C O O R D I N A T E S  A L O N G  A  S T R E A M L I N E  O R  A N  E O U I P O T E N T I A L  L I N E  
C  P S I C O R ( I ) =  A R R A Y  T H A T  C O N T A I N S  T H E  N O R M A L I Z E D  V A L U E S  O F  T H F  
C  P O T E N T I A L  F U N C T I O N S  T O  B E  D R A W N  
C  P S I C O R ( I ) =  A R R A Y  T H A T  C O N T A I N S  T H E  N O R M A L I Z E D  V A L U E S  O F  T H E  
C  S T R E A M  F U N C T I O N S  T O  H E  O R A * N  
C  X X ( I )  -  D O U B L E  P R E C I S I O N  A R R A Y  T H A T  C O N T A I N S  T H E  V A L U E S  O F  T H E  
C  X ( I )  C O O R D I N A T E S  A L O N G  A  S T R E A M L I N E  O R  A N  b O U  I P O T E N T I A L  L I N E  W  
C  Y Y ( I )  =  D O U B L E  P R E C I S I O N  A R R A Y  T H A T  C O N T A I N S  T H E  V A L U E S  O F  T H E  
C  Y ( I )  C O O R D I N A T E S  A L O N G  A  S T R E A M L I N E  O R  A N  E G U I P O T E N T I A L  L I N E  
C  T 1 < I )  =  A R R A Y  T H A T  C O N T A I N S  T H E  T »  V A L U E S  F O R  T H E  D I F F E R E N T  
C  S T R E A M L I N E S  
C  V P H I  =  T H E  V A L U E  O F  T H E  N O R M A L I Z E D  P O T E N T I A L  F U N C T I O N  T O  B E  D R A V s N  
C  V P S I  =  T H E  V A L U E  O F  T H E  N O R M A L I Z E D  S T R E A M  F U N C T I O N  T O  B E  D R A W N  
C  P 5 I X  =  F U N C T I O N  . v H E R E  P S I  I S  D E P E N D A N T  O N L Y  O N  X  .  Y  I  S  C O N S T A N T  
C  T H I S  C O N D I T I O N  I S  R E U U I R E D  I N  O R D E R  T O  B E  A B L E  T O  U S E  S U B R O U T I N E  
C  0 4 T M I  
C  P S I Y  =  F U N C T I O N  W H E R E  P S I  I S  D E P E N D A N T  O N L Y  O N  Y  .  X  I S  C O N S T A N T  
C  P H I X  =  F U N C T I O N  W H E R E  P H I  I S  C E P E N D A N T  O N L Y  O N  X  .  Y  I S  C O N S T A N T  
C  P H I  Y  =  F U N C T I O N  W H E R E  P H I  I S  D E P E N D A N T  O N L Y  O N  Y  .  X  I S  C O N S T A N T  
C  N Z U  =  N U M B E R  O F  S O U  I P O T E N T I A L  L I N E S  T O  B E  D R A W N  
C  N S L  =  N U M B E R  O F  S T R E A M L I N E S  T O  B E  D R A W N  
C  N ^ I S  =  N U M B E R  O F  B I S E C T I O N S  A L O N G  T H E  E Q U I P O T E N T I A L  A N D  S T R E A M  
c L I N E S  
C  X L Û  =  T H E  L E F T  c 3 0 U N D A R Y  O F  T H E  X  C U U R O I N A T E  
C  X i ^ B  =  T H E  R I G H T  o O U N O A K Y  O F  T H E  X  C C O W O I N A T E  
C  Y L ' J  =  T H E  L E F T  b û U N O A R Y  O F  T H E  Y  C O O R D I N A T E  
C  Y 1 3  =  T h E  K I G H T  8 0 U N 0 A H Y  O F  T H E  Y  C O O R D I N A T E  
C  
S U B R O U T I N E  P L O T  
I M P L I C I T  R E A L  * t à  ( A - H , 0 - Z )  
R E A L  * 4  t P - S .  S X X (  3  1  )  . S Y Y (  3 1  )  .  X L  (  b  )  ,  Y L  ( 5  )  t  G L  <  5  )  t D L (  5  )  .  X S  I / E  .  Y S  I  Z E  
D I  W E N S I U N  P H I C O R ( 1 2 )  . P S I  C O R (  1 2 ) . X X ( 3 1  )  • Y Y ( 3 l  >  »  T 1  (  1 2 )  
C O M M O N / H E L P / V P S I , V P H I  
C O M M O N / A U X / W L f  G a  , H W , A W  . d W  t P I  
C O M M O N / Y H E L P / Y  
C J M M O N / X H E L P / X  
E X T E R N A L  P S I  X , P S I  Y , P H I X « P H  I  Y  
E P S = 0  . 0 0 0 0 0 1  
I E N D = 1 0  
N E Q = U  
N S L = 9  
N H  I S = 3 0  
N O I S 1 = N 0 I S + 1  
R E A D ( 5 . 7 ) X L . Y L . G L . O L  
7  F O H M A T ( 2 0 A 4 )  
C  
C  G R A P H  T H E  R E G I O N  
C  
3 X X ( 1 ) = A r t  
S X X ( ? ) = A *  
S X X (  3  )  = r f  A  
S X X ( 4 ) = B W  
S Y Y (  1  )  = 0  . 0  
S Y  Y {  2  J  = H  W  
S Y Y ( 3 ) = H w  
S Y Y ( 4 ) = 0  .  U  
X S I Z E = 1 0 * 3 W  
Y S  I Z E  =  1 0 * H W  
N P  T S =  4  
C A L L  G ^ A P H ( N P T S . S X X , S Y Y . 0  . X S I Z E t  Y S l Z E  #  0 . I  . 0 . Ù . 0 .  1  . 0 . 0 . X L . Y L  . G L  # D  
I D  
5  R E A D ( 5 . 6 ) ( P H I C U R ( K ) f K = l , d )  
REAOC 5TÔ)(PSICOR(K)  ,K=1 .8)  
6 FQfiV1AT(aF5.0 ) 
C  
C  D R A W  T H E  E U U I P O T E N T I A L  L I N E S  B Y  T H E  U S E  O F  S U Q R Q U T I N E S  G R A P H  A N D  
C  O R T M  
C  
D O  1 0 0  1 = 1 , N E Q  
C  
C  F I N D  T H E  C O O R D I N A T E S  A T  Y = 0  F O R  T H E  E N D  P O I N T S  O F  T H E  E Q U I -
C  P O T E N T I A L  L I N E S  T O  3 £  D R A W N  
C  
Y = 0  
V P H I = P H I C C R ( I )  
X L  G =  A  W  
X R  Q = H W  
C A L L  D R T M I ( R O O T . F R O O T . P H I X , X L û . X R B . E P S . I  E N D .  1 E R )  
I F  (  1 E R  . N E . O ) * R I T E ( 6 , 2 ) V P H I  , X L B , X R O , 1 E R  
2  F O R M A T ( •  0 *  , 3 G 2  0 . 5 ,  I  5 )  
X X ( N O  I  S I  ) = R O O T  
Y Y ( N 4 I S 1 ) = 0 . 0  
D c L T A X = ( R C O T - A w ) / N 3 I S  
X  X  ( 1  )  =  A  r f  
D O  1 0  K = 2 , N B I 3 1  
1 0  X X ( 5 ) = X X ( K - l ) + D b L T A X  
C  
C  F I N D  T H E  Y  C O O R D I N A T E S  A T  X  = A d V  F O R  T H E  S T A R T I N G  P O I N T S  O F  T H E  
C  E Q U I P O T E N T I A L  L I N E S  T O  B E  D R A W N .  
C  D I V I D E  T H E  I N T E R V A L  ( X - A * )  A T  Y = 0  F O R  E A C H  O F  T H E  E Û U I  P U T E N T  I A L S  
C  T O  B E  D R A W N .  I N T O  3 0  R E G I O N S  A N D  D E T E R M I N E  T H E  C O R R E S P O N D I N G  Y  
C  C O O R D I N A T E S  F O R  T H E  2 9  P O I N T S  O N  T H E  E O U ( P O T E N T I A L .  
c 
Y L 3 = 0 . 0  
Y R t 3 = H W  
O O  2 0  K = l , N b I S  
X = X X ( K )  
C A L L  O H T M  I  ( H O O T , T H O D T , P H l Y , Y L 0 , Y R O . E P S , l E N D » 1 E R )  
1 F (  i e R . N i : . 0 ) W R I T E ( b . 2 )  V P H I  , Y L H , Y R H , I E d  
Y Y  ( K  )  = r < O U T  
2 0  C O N T I N U E  
W R I T E ( 6 # 2 2 )  
W R  I T S ( b , 2 5 ) ( V P H I  , X X ( L )  , Y Y ( L ) , L  =  1  . N B I S l  )  
O O  2 1  L = l , N t î I S I  
S X X ( L ) = X X ( L )  
S Y Y ( L ) = Y Y { L )  
2 1  C O N T I N U E  
2 2  F O R M A T { • 1 • . 3 X , « P H I • , 1 2 X , • X X » . 2 0 X , • Y Y * . / )  
C  
C  D R A W  T H E  E C U I P O T E N T I  A L  L I N E S  B Y  U S I N G  T H E  C O O R D I N A T E S  O F  T H E  3 1  
C  P O I N T S  D E T E R M I N E D  A d O V E  U S I N G  S O d R O U T I N E  G R A P H  
C  
C A L L  G R A P H ( N 3 I  S I  , S X X , S Y Y . 0 . 2 . 0 . 0 t O . O , O . O t O . O . O . O . O . O # X L t Y L » G L . O L )  
2 5  F O R M A T ( ' 0 ' , F 7 . 3 , 2 F 2 0 . 5 )  
1 0 0  C O N T I N U E  
C  
C  D H A V .  T H E  S T R E A M L I N E S  t J Y  T H E  U S E  O F  S U b R O U T  I N E i i  D R T M I  A N D  G R A P H  
C  
C  F I N D  T H E  V A L U E S  O F  P S  I  A T  P O I N T S  ( O W , H W )  A N D  ( A W . H W )  
C  
V P  3 1  =  0 . 0  
X = 3 W  
P S  I t 3 H  =  P S  I  Y  ( H W  )  
X =  A W  
P S I A H  =  P S I Y ( H ; V )  
D O  2 0 0  I = 1 , N S L  
X  =  A w  
V P S I = P S I C C R ( I )  
I F ( I . E Q . g ) V P S I = P S I Û H  
c 
C F I N D  T H E  y C Û O W D  i N A T t . S  (  Y M  I N  )  A T  X = A *  F U R  T H E  E N D  P O I N T S  O F  T H E  
C  S T R E A M L I N E S  T O  ' J E  D N A k N  
C  
Y L 3 = a . 0  
YR3=WL 
C A L L  O R T M  I  ( H O Ù T . F W O O T . P 3 I  Y , Y L O . Y R O . E P S . I  E N D ,  1 E R )  
I F  (  I 5 K  . N E  . 0  )  W R  I T C (  6  .  1 0 2  )  V P S  I  . Y L U  . Y R t i  ,  I  E R  
1 0 2  F 0 9 M A T ( ' 0 ' , ' P S I = ' , 3 G 2  0 . 5 . I 5 )  
Y M I N =  R O O T  
C  
C  F I N D  T H E  S T A R T I N G  P O I N T S  F O R  T H E  S T R E A M L I N E S  T O  O c  D x A k N  
C  
I F ( V P  S I  . L T . P S I U H ) G 0  T O  1 1 0  
I F ( I . E Q . 9 ) G O  T O  1 0 5  
I F  ( V P S I  . G E . P S I A H > G O  T O  1 2 0  
C  F I N D  T H E  X  C O O R D I N A T E  F O R  T H E  S T R E A M L I N E S  T H A T  S T A R T  O E T k E E N  
C  P O I N T S ( A W » H W )  A N D  ( B W . H W )  
C 
Y M A X = H W  
Y = H w  
C A L L  D R T V K H O O T . F R O O T . P S l X . A w . O W . E P S . I F N O . I E R )  
Y Y  ( N r J  I  S I  ) = H W  
X X  ( N - 3 I S 1  ) = R O O T  
G O  T i J  1 3 0  
C 
C FIND T H E  Y  COORD I N A T i Z S  OF T H E  S T R E A M L I N E S  T H A T  S T A R T  B E T W E E N  
C P O I N T S  (CA.O.O)  A N D  ( S W . H W )  
C  
1 1 0  X = G W  
Y L : i = 0  . 0  
Y R 3 = H W  
C A L L  D R T W I  (  R  ( J O  T  ,  F R O U T  ,  P S  I  Y  .  Y L O  . Y K Û  . E P S  ,  l E N O . I c R )  
I F ( I C R . N E . 0 ) r t R I T £ ( 6 . 1 0 2 ) V P S I . Y L O . Y R r i . i e f t  
Y M A X =  R O O T  
Y Y ( N - } I S l  ) = Y M A X  
X X ( N 6 I 5 1  )=0W 
G O  T O  1 3 0  
C  
C  F I N D  F H u  Y  C O O R D I N A T E S  O F  T H E  S T R E A M L I N E S  T H A T  S T A R T  B E T W E E N  
C  P O I N T S  ( A W . G W )  A N O  ( A W » H W )  
C  
1 2 0  X = A W  
Y L 3 = G w  
Y K 3 = H W  
C A L L  D R T M I  ( R O O T ,  F R O O T .  P S I  Y  ,  Y L «  »  Y  R i 3  .  E P S  •  I  E N D  ,  I C R )  
I F  (  I  E R .  N E  . 0  >  W R  I  T E  ( 6  ,  1 0  2 ) V P S  I  . Y L b  ,  Y R t »  ,  I  E R  
y M A X = K O O T  
Y Y  ( N . ^  I  5 1  ) - Y M A X  
X X ( N O  I  S I  ) = A W  
1 3 0  D E L T A  Y =  (  Y M A X - Y M I i M  ) / N r f l  S  ^  
X =AW ON 
Y Y ( 1  ) = Y M  I  N  
X X ( 1 ) = A W  
XL D =  A*  
XRA=3 .V 
D O  1 5 0  K = 2 . N r t I S  
1 5 0  Y Y ( K ) = Y Y ( K - 1 ) + D E L T A Y  
C  
C  D E T E R M I N L  T H E  V A L U E S  O F  X  T H A T  C O R R E S P O N D  T O  T H E  D I F F E R E N T  V A L U E S  
C  O F  Y  A L O N G  T H E  S T R E A M L I N E S  
C  
D O  1 6 0  K  =  2 , N O I  S  
Y = Y Y ( K )  
C A L L  D R T M I ( R O O T , F R 0 0 T , P 3 I X , X L 6 , X k 6 , C P 5 , I C N D , I C R )  
I F  (  1 E R  . N E  , 0  )  W R  I T E (  6  ,  1  0 2  )  V P S  I  » X L B  , X R t >  »  I  E K  
X X ( K ) = R O C T  
1 6 0  C O N T I N U E  
W - Î I T E  ( 6  t  1 6 5 )  
1 6 5  F 0 R M A T < ' 1 ' , 3 X , ' P S I ' , 1 2 X , ' X X ' , 2 0 X , « Y Y ' , / )  
C  
C  P R I N T  T H E  V A L U E S  O F  T H E  S T R E A M  F U N C T I O N S  A N D  T H E  C O O R D I N A T E S  O F  
C  T H E  3 1  P O I N T S  D E T E R M I N E D  A d O V E  
C  
W H I T E ( 6 . 2 5 ) ( V P S I  . X X ( L )  . Y Y ( L )  . L  =  l  # N a i S l  )  
D O  1 7 0  L = 1 . N B I S 1  
S X  X ( L  ) = X X ( L )  
S Y Y ( L ) = Y Y ( L )  
1 7 0  C O N T I N U E  
C  
C  F I N D  T H E  V A L U E  u F  P S  I  F O R  T H E  S T R E A M L I N E ( I = S )  A T  T H E  P O I N T  ( B W . H W )  
C  
1 0 5  Y M A X = H d  
Y Y ( N a I S l ) = Y M A X  
X X ( N J I S l ) = Ù W  
P S I C O R ( 9 ) = P S I D H  
G O  T . )  1 3 0  
C  
C  D R A W  T H E  S T R E A M L I N E S  U S I N G  S U O R O U T I N C  G R A P H  
C  
C A L L  G H A P H ( N t l I S 1 . S X X . S Y Y . 0 . 2 . 0 . 0 . 0 . 0 . 0 . 0 . 0 . 0 , O . O . O . O . X L . Y L . G L . D L )  
T  I  V E  =  0  .  0  
C  
C  C O V ^ U T E  T H E  T I M E  F A C T O R  ( T " )  
C  
D O  I S O  K = 1 , N U I S  
D P H I = P H I  ( X X ( K + 1  )  , Y Y ( K + 1  )  ) - P H I  ( X X ( <  )  . Y Y ( K )  )  
O S = Û S Û R T ( ( X X < K + 1 ) - X X ( K ) ) * * 2 + ( Y Y ( K + l ) - Y Y ( K ) ) * * 2 )  
D T = D S * * 2 / D P H I  
T I M E  =  T  I M E + D T  
1 8 0  C O N T I N U E  
T 1  ( I  ) = T I  M E  
1 8 1  r O H M A K  •  0 »  , 2 3 2 0 .  5 )  
2 0 0  C O N T I N U E  
D t £ L T A X =  (  O ' A - A v V )  / N d l S  
X X  (  1  )  = A \ f t  
D U  2 1 0  K = 2 , N d I S l  
2 1 0  X X ( K ) = X X ( K - 1 ) + D E L T A X  
C  
C  C U V P U T E  T *  F O R  T H E  S T R E A M L I N E  T H A T  S T A R T S  A T  P O I N T  ( B W . 0 . 0 )  
C  
T I M E = 0 . 0  
Dl] 220 K=1,NHIS 
D P H I = P H i ( X X ( K + I ) , 0 . 0 ) - P H I ( X X ( K ) , 0 . 0 )  
O S = D E L T A X  
0 T = D 3 * * 2 / D P H I  
2 2 0  T I  . V E  =  T I M f c + D T  
T 1 ( 1 0 ) = T I M C  
P S  I C O R ( 1  0 ) = 0 . 0  
C  
C  C O M P U T E  T *  F O R  T H t  S T R E A M L I N E  T H A T  S T A R T S  A T  P O I N T  ( A * , G W )  
C  #  
D E L T A Y = ( G W - W L ) / N d l S  
Y Y ( 1 ) = W L  
O U  2 2 5  K . =  2 » N 0 I S 1  
2 2 5  Y Y ( K ) = Y Y { K - 1 ) + D E L T A Y  
T 1  M E  =  0  . 0  
D O  2 3 0  K = l , N r i I S  
D P h I  =  P H I  ( A A , Y Y ( K  +  1  )  ) - P H I (  A v v , Y Y ( K  )  )  
O S  = D E L T A Y  
D T = D 5 * * 2 / D P M I  
2 3 0  T I M E = T I M C + D T  
T 1 ( 1 1 ) = T I M E  
P S  I C ] R (  I  1  ) = 1  . 0  
C  
C  P R I N T  T '  V A L U E S  
C  
W 4 I T E ( 6 , 2 6 5 )  
W t ?  I T C ( 6 ,  2 6 0  )  P S  I C O f î (  1 0  )  *  T l  (  1  0 )  
O U  2 5 0  1 = 1 , N S L  
2 5 0  WRITE(6 . 2 6 0 ) P S  I C O « (  I  ) . T 1 (  I  )
W R I T E ( 6 , 2 6 0 ) P S I C U a ( l l ) , T l ( l l )  
2 6 0  F O R M A K  •  0  •  . F 7 .  3 t F 1 2  . 6 )  
2 6 5  F O W N A T ( •  l ' , 3 X ,  « P S I •  , 6 X , * T I % E «  » / )  
R 2 T U 4 N  
E N D  
C  
C  
c 
C  F U N C T I O N  P H I X ( X )  
C  
C  T H I S  F U N C T I O N  I S  U S E D  T O  D E T E R M I N E  T H E  V A L U E  U F  T H E  E O U I P Û T E N T I A L  
C  F U N C T I O N  P H I X  A T  A  P O I N T  ( X . Y )  k H E R E  Y  I S  C O N S T A N T .  T H I S  I S  A  
C  N E C E S S A R Y  C O N D I T I O N  F O R  U S I N G  S U H R Û U T I N E  D R T M I  
C  
F U N C T I O N  P H I X ( X )  ^  
I M P L I C I T  R E A L  * G  ( A - H , 0 - Z )  v O  
D I M E N S I O N  A <  5 1  )  
C U 4 M ] N / C a E F / A , N T E R  
C O M M G N / A U X / W L . G W , H W . A W  , H  4 , P I  
C O M M  ) N / Y H H L P / Y  
C O M M J N / H E L P / V P S I , V P H I  
V v K  = 1  . 0  
P H 1 = 1 . 0  
D O  1 0  I = 1 , N T C R  
M P = 2 * I - 1  
C A L L  R O A L F A C M P . X t K O . A L F A )  
P r t  I  =P H  I - A (  I  ) * R O * D C O S ( A L F A * Y )  
1 0  C O N T I N U E  
P H  1 =  . V K » P H  I  
P H I X = P H I - V P H I  
R E T U R N  
E N O  
C  
C  
c 
c F U N C T I O N  P H I Y ( Y )  
C  
C  T H I S  F U N C T I O N  I S  U S E D  T O  D E T E R M I N E  T H E  V A L U E  O F  T H E  E Q U I P O T E N T  I A L  
C  F U N C T I O N  P H I  Y  A T  A  P O I N T  ( X , Y )  W H E H E  X  I S  C O N S T A N T .  T H I S  I S  A  
C  N E C E S S A K Y  C O N D I T I O N  F O R  U S I N G  S U O K O U T I N E  D R T M I  
C  
F U N C T I O N  P H I Y ( Y )  
I M P L I C I T  R E A L  * «  ( A - H . O - Z )  
D  I  M E N S  I O N  A (  5  I  )  
C O M M O N / C C t F / A . N T E r t  
C O M M  J N / A U X / k L  ,  G W  ,  H  W  ,  A \ *  » B W  .  P  I  
C O M M O N / X H E L P / X  
C U M M ' ) N / H E L P / V P S I  ,  V P H I  
W K = 1 . 0  
P H  1 = I  . 0  
DO 1 0  1 = 1 , N T E R  
M P = 2 * I - 1  
C A L L  R O A L F A ( M P , X , R O . A L F A )  
P H  I = P H i - A (  I  ) * A O * D C O S ( A L F A * Y )  
1 0  C O N T I N U E  
PH I  = WK*PHI  
PHIY=PHI-VPHI  
RETURN 
LNÛ 
C  
c 
c 
C  F U N C T I O N  P S I X ( X )  
C  
C  T H I S  F U N C T I O N  I S  U S E D  T O  D E T E R M I N E  T H E  V A L U E  O F  T H E  S T R E A M  
C  F U N C T I O N  P S I X  A T  A  P O I N T  ( X , Y )  W H E R E  Y  I S  C O N S T A N T .  T H I S  I S  A  
•f 
c 
c 
N E C E S S A R Y  C U N O I T I Û N  F û K  U S I N G  S U b R U U T I N E  D K T M I  
F U N C T I O N  P 3 I X ( X )  
I M P L I C I T  W E A L  * 6  ( A - H , 0 - Z )  
D I M E N S I O N  A ( 5 l ) , R S ( S l )  
C O M M O N / C J E F / A , N T C H  
C O M M O N / A U X / W L t  G i v  , H W t  A W  . d W  t P  I  
C û V M O N / A U X I / R S  
C O M M U N / Y  H E L P / y  
C Q M M O N / H H L P / V P S l , V P H I  
P S  1 1 = 0 . 0  
P S  1 2  =  0 . 0  
0 0  1 0  I = 1 , N T E R  
M P = 2 * I - l  
C A L L  R I A L F X ( M P , X  , F < 1  .  A L F A )  
P S I 1 = P S I 1 + X * A ( I ) * A 1 * D S I N ( A L F A * Y )  
P S I 2 = H S I 2 + A d * A ( I ) * W S ( I ) * 0 S I N ( A L F A t G W )  
1 0  C O N T I N U E  
P S  I = P S I 1 / P S I  2  M  
P S  I X  =  P S I - V P S  I  
R E T U R N  
E N O  
C  
C  
c 
c 
c 
c 
c 
c 
FUNCTION PSIY(Y> 
T H I S  F U N C T I O N  I S  U S E D  T O  D E T E R M I N E  T H E  V A L U E  O F  T H E  S T R E A M  
F U N C T I O N  P S I Y  A T  A  P O I N T  ( X , Y )  W H F R F  X  I S  C O N S T A N T .  T H I S  I S  A  
N E C E S S A R Y  C O N D I T I O N  F O R  U S I N G  S U B R O U T I N E  O R T M I  
F U N C T I O N  P S I Y ( Y )  
I M P L I C I T  R E A L  * 8  ( A - H , 0 - Z )  
D I M E N S I O N  A ( 5 l ) . R S { 5 1 )  
C J M M O N / C O E F /At N T E H  
C O V M O N / A O X / W L , G W , H W , A w , J W , P I  
C O M W O N / A U X l / d S  
C O M M Q N / X H Ê L P / X  
C O V M O N / H E L P / V P S I . V P H I  
P S  1 1  =  0 . 0  
P S  1 2 = 0 . 0  
D O  1 0  I = 1 . N T E k  
M P = 2 * I - 1  
C A L L  R 1 A L F X ( M P . X , R 1 . A L F A )  
P S  I 1 = P S I 1 + X * A (  I ) * H 1 * D S I N ( A L F A * Y )  
P 5 I 2  =  P 5 I 2  +  A W * A (  I  ) f c R S (  I  ) * D S I N ( A L F A * G * )  
C O N T  I  N U E  
P S I = P S I 1 / P S I 2  
P S I Y = P S I - V P S I  
R E T U R N  
END 
M 
N> 
